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MAGNETO-OPTICAL AND MAGNETIC PROPERTIES OF BAND-ENGINEERED 2D DIRAC
SEMIMETALS
Amarnath Chakraborty

Prof. Giovanni Vignale, Thesis Supervisor

ABSTRACT

This thesis investigates the electronic and magnetic properties of low-dimensional quantum
materials using analytical modeling, continuum theories, and numerical simulations. The study
focuses on nonsymmorphic Dirac semimetals, Bernal bilayer graphene, and twisted bilayer graphene,
exploring how lattice symmetry and external perturbations, such as magnetic fields, influence the
band structure and stabilize novel quantum phases, including gapped, semi-metallic, and topological
states.

The work begins by developing a framework to describe the magneto-optical properties of non-
symmorphic semimetals, including optical absorbance and polarization rotations (Faraday and Kerr)
under magnetic fields or intrinsic magnetization coupling with the out-of-plane spin. The focus then
shifts to Bernal-stacked bilayer graphene, where we analyze the insulator-metal phase transition
driven by an in-plane magnetic field and an out-of-plane displacement field. This transition occurs
at high magnetic fields, leading us to propose the role of trigonal warping in reducing the critical
field to experimentally accessible values. Also, we explore an investigation of twisted systems, where
the reduced size of the Moiré Brillouin zone further enhances tunability. While the insulator-metal
transition is not observed in twisted bilayer graphene, twisted multilayer graphene could provide an
excellent platform to visualize similar effects, potentially revealing unique signatures in its magnetic

response.

Keywords: Low-dimensional quantum materials, Nonsymmorphic Dirac semimetals, Bernal
bilayer graphene, Twisted bilayer graphene, Magneto-optical properties, Insulator—-metal transition,

Magnetic response, Trigonal warping, Moiré Brillowin zone.
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Chapter 1

INTRODUCTION

1.1 Rise of Graphene and other 2D materials

Graphene, a single layer of carbon atoms arranged in a honeycomb lattice, was first isolated from
bulk graphite in 2004 by Geim and Novoselov ([1]). This landmark discovery demonstrated that
truly two-dimensional crystals can be stable under ambient conditions and sparked enormous interest
in atomically thin materials.

Its remarkable features include:

e Gapless spectrum: conduction and valence bands meet at Dirac points, enabling extreme

electrical tunability and ultrafast switching ([1]).

e Dirac quasiparticles: low-energy carriers obey a massless Dirac equation, allowing tabletop

studies of relativistic quantum phenomena such as Klein tunneling ([2]).

e Exceptional mobility: even at room temperature on rough substrates, carrier mobilities

exceed 10% cm?/ Vs, thanks to suppressed backscattering.

e Mechanical robustness: with a breaking strength ~40 N/m—over 100x stronger than

steel —a 1 m? graphene hammock can support a 4 kg cat while weighing only 0.77mg.

e Chemical versatility: controlled defect creation and functionalization (e.g. ion-beam drilling

and selective etching) yield molecular-scale pores and new filtering applications.

Today most graphene work remains at the R&D level, yet early commercial uses have emerged in
electronics, energy storage, and composites. The global graphene market, valued at $20 M in 2014, is

projected to exceed $200 M by 2026 (Graphene Market Report 2015).
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Figure 1.1: (A) Mechanical exfoliation of 2D crystals: (a) adhesive tape is pressed against the thin debris
of a 3D layered structure crystal, so that the top few layers stay attached to the tape (b); (c) after repeatedly
peeling the tape against itself, the part of the tape with the thinnest crystals of layered material is pressed
against a surface of choice; (d) upon peeling off, the bottom layer is left on the substrate, ready for microscope
inspections. Source: Ref. [3]. (B) The honeycomb lattice of graphene and the Bloch band description of
graphene’s electronic structure. (a) This figure consists of two interpenetrating triangular sublattices: The
sites of one sublattice (green) are at the centers of triangles defined by the other (orange). The lattice thus
has two carbon atoms, designated A and B, per unit cell, and is invariant under 120° rotations around any
lattice site. (b) The orbital energies depend on the momentum of charge carriers in the crystal Brillouin zone
(inset, right). The m and 7= bands (blue in the electronic structure plot) are decoupled from the o and ox
bands (red) because of inversion symmetry and are closer to the Fermi energy because they participate less in
bonding. The Fermi energy separates occupied and empty states. In a neutral graphene sheet, this is the
energy where valence and conduction bands meet (zero energy above, often referred to as the neutrality point).
The bands form conical valleys that touch at two of the high-symmetry points, conventionally labeled K and
K' , in the Brillouin zone.Source: Ref. [4]

1.1.1 Beyond Graphene: Gaps and Spin—Orbit Limitations

Despite its many advantages, graphene faces two key challenges for electronics and spintronics.
First, as a gapless semimetal its conduction and valence bands meet at the Dirac points, making it
impossible to switch off current completely in field-effect transistors. Second, graphene’s intrinsic
spin-orbit coupling is extremely weak (= 10u€eV), precluding robust topological phases such as the
quantum spin Hall effect ([6]).

To overcome these limitations, researchers have turned to heavier group-IV analogues and novel
crystal symmetries. Silicene and germanene, for example, develop a finite bandgap through lattice
buckling and enhanced spin—orbit interactions, albeit requiring carefully chosen substrates for stability.
More generally, a simple co-dimension argument shows that any perturbation of the form mo, will
gap a 2D Dirac Hamiltonian H = ak,o, + Bky0y, so that truly gapless Dirac cones demand extra
symmetry constraints. In particular, nonsymmorphic space-group symmetries can enforce gapless
crossings at high-symmetry points of the Brillouin zone, as demonstrated by several theoretical works
(e.g., [7, 8, 9]).

A striking realization of these ideas is bismuthene on SiC, which exhibits a large quantum spin

Hall gap of = 0.8 €V ([10]). Even more recently, a-bismuthene—a nonsymmorphic monolayer—was
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Figure 1.2: From the paper by Kowalczyk et all [5] SOC and distortion effects on a-Bi band structure. (a,b)
DFT band surface calculated in the vicinity of X1 and X2, respectively. (c) Band structure of a-Bi in the
absence of spin—orbit coupling. (d) Band structure of distorted a-Bi. The distortion is shown in the inset.
The two atoms are moved along arrow directions by 2% of the unit cell width. (e) Evolution of band
configuration from without SOC to with SOC to with both SOC and symmetry-breaking distortion. The
Dirac/nodal points are highlighted in blue in the Brillouin zone. Source: Ref([5]).

shown to host symmetry-protected Dirac fermions despite strong spin—orbit coupling ([5]). These
examples illustrate how heavy elements and lattice symmetries can both open substantial gaps and
stabilize topological phases, bridging the gap between graphene’s idealized physics and practical

device requirements.

1.1.2 Van der Waals Heterostructures: A New Frontier

Building on the success of monolayer graphene, researchers now assemble “atomic Lego” by
stacking different two-dimensional crystals into van der Waals (vdW) heterostructures. Each sheet
retains its strong in-plane covalent bonding, while weak interlayer forces hold the stack together. By
combining graphene with materials such as hBN, MoSy or WSs, one can tailor band offsets, proximity
effects and device functionality (e.g. “Designer van der Waals heterostructures,” A. K. Geim et al.).

A natural first step is Bernal-stacked bilayer graphene (Fig. (1.4)). In this simplest vdW stack,
applying an electric field perpendicular to the layers breaks inversion symmetry and opens a tunable
bandgap (Controlling the electronic structure of bilayer graphene). This gate-induced gap transforms

graphene from a semimetal into a switchable semiconductor, enabling transistor action while preserving
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Figure 1.3: Illustration of a vdW heterostructure. Source: Ref.[11].

high mobility.

When two graphene sheets are overlaid with a small relative rotation, a long-wavelength in-
terference pattern—known as a moiré superlattice (mSL)—emerges. The twist angle § between
layers determines the mSL periodicity, which can be directly imaged (see Fig. 1.5). Strictly periodic
supercells occur only at commensurate angles, satisfying

3m?2 + 3mr + %rz
3m2+3mr+1r2 "’

cosf = 0° < 6 < 30° (1.1)

where m and r are coprime integers [13]. However, continuum theories bypass this restriction by
focusing on the low-energy Dirac states in each layer and treating interlayer tunneling perturbatively.

The pioneering continuum model by Lopes dos Santos et al. [13] and its extension by Bistritzer
and MacDonald [14] capture the essential physics at arbitrary 6. In these approaches, one writes an

effective Hamiltonian
Hy(-5) T(r)
Hrpa = ;
TH(r)  Ha(+5)
where H;(+6/2) describes a Dirac cone rotated by +6/2, and T'(r) encodes the spatially periodic

interlayer coupling.

Remarkably, at certain “magic” angles near § ~ 1.1°, the lowest moiré minibands become



Figure 1.4: (a) Plan and (b) side view of the crystal structure of bilayer graphene. Atoms Al and Bl on
the lower layer are shown as white and black circles, A2, B2 on the upper layer are black and grey,
respectively. The shaded rhombus in (a) indicates the conventional unit cell. Source: Ref([12]).

nearly flat, dramatically enhancing electron—electron interactions. Experiments on these magic-
angle structures reveal correlated insulating phases and unconventional superconductivity ([15]),
inaugurating the field of “twistronics.” This demonstrates how simple geometric tuning—twist and
interlayer coupling—can unlock rich many-body phenomena in van der Waals assemblies. Although
practical challenges—substrate compatibility, interlayer contamination and reproducibility—currently
limit most heterostructures to a few layers, advances in transfer techniques and interface cleaning
are rapidly expanding the palette of realizable stacks. As control improves, vdW heterostructures
and bilayer graphene systems promise on-demand engineering of bandgaps, topological phases and
strongly correlated states, setting the stage for the theoretical studies in this thesis.

In summary, the isolation of graphene and its extraordinary Dirac physics laid the foundation
for a diverse family of 2D materials. By exploring heavier elements, novel lattice symmetries, and
twisted multilayers, researchers have engineered sizable bandgaps, strong spin—orbit effects, and flat,
highly correlated bands. This rich landscape of graphene and graphene-like materials provides the

backdrop for the band-engineering studies pursued in this thesis.

1.2 Motivation and Framework

The central goal of this work is to show how external perturbations—electric and magnetic
fields—serve as powerful, reversible “knobs” to engineer and interrogate the electronic bands of
two-dimensional crystals. Applying a perpendicular electric field (via a gate voltage) cleanly breaks
inversion symmetry in bilayer or moiré superlattices, opening and tuning gaps while reshaping the

Berry curvature landscape (“Controlling the electronic structure of bilayer graphene”). In twisted



Figure 1.5: (a) Illustration of a MP arising from a rotation angle 6 = 9.6° . (b) Emergence of vHs as a
consequence of the rotation in reciprocal space. (c) STM images of several MP with different . The scale bar
is 5.0 nm. Source: Ref([16]).

bilayers and heterobilayers, the same field can transfer charge between layers or valleys, driving
transitions between distinct electronic phases.

Magnetic fields, by contrast, quantize states into Landau levels, yielding quantum Hall plateaus
and the fractal Hofstadter spectrum in moiré systems (“Hofstadter’s butterfly and moiré superlattices”).
They also break time-reversal symmetry, allowing Chern-insulator phases and giant magneto-optical
effects that vanish at zero field. Together, these symmetry-breaking fields give continuous control
over band topology, connectivity and degeneracies in 2D materials.

From a theoretical standpoint, these effects enter naturally into tight-binding and continuum
models. Electric fields appear as layer-dependent potentials, while magnetic fields enter via Peierls
phases or minimal coupling. Solving these models reveals emergent phenomena: flat minibands
that amplify interactions in magic-angle twisted graphene (“Moiré bands in twisted double-layer
graphene”), tunable infrared absorption edges in gated bilayers, and cyclotron-resonance peaks tied
to Landau quantization.

Beyond graphene systems, nonsymmorphic 2D crystals such as a-bismuthene, MBi offer another
ideal testbed. There, symmetry-protected Dirac crossings persist even under strong spin—orbit
coupling (“Realization of symmetry-enforced two-dimensional Dirac fermions in nonsymmorphic

a-bismuthene”), and external fields can selectively gap or tilt these crossings. Analyzing field effects



in such lattices extends the same band-engineering toolkit to new topological phases.

In all cases, theory complements experiment—angle-resolved photoemission, transport, Kerr/-
Faraday rotation and optical spectroscopy—by explaining how and why gaps open, flat bands emerge,
and optical/magnetic responses evolve. The framework developed here (tight-binding calculations,
continuum approximations and linear-response theory) will validate and predict measurable properties
across graphene, twisted bilayers and nonsymmorphic 2D materials, laying the groundwork for future

functional devices and fundamental discoveries.

1.3 Objectives

The overarching objective of my research has been to develop a robust theoretical understanding
of how symmetry, dimensionality, and external fields interplay to shape the electronic and optical
responses of two-dimensional quantum materials. My journey began with a focus on nonsymmorphic
Dirac semimetals—materials where glide planes and screw axes enforce band crossings that cannot be
gapped without breaking symmetry. These systems exhibit unique symmetry-protected Dirac points,
and I was drawn to the question: how do such protected states respond to external perturbations,

especially electromagnetic fields?

1. Photon Absorption in Nonsymmorphic Dirac Semimetals. To address this, my first project
centered on calculating the photon absorption spectrum of a nonsymmorphic 2D Dirac semimetal
under external magnetic field. I explored how selection rules, enforced by nonsymmorphic symmetry,
manifest in optical transitions between valence and conduction bands. This required extending
analytical tools for light-matter interaction to models with exotic band dispersion such as Dirac
cones. The results revealed not only anisotropic absorption features but also tunable absorption edges
that depended on both field strength and symmetry orientation—highlighting how nonsymmorphic

symmetry governs magneto-optical responses in ways distinct from conventional Dirac systems.

2. Faraday Rotation via Current—Current Response Theory. Building on the optical
absorption work, I turned to optical rotations effects—specifically, the Faraday and Kerr rotation of
linearly polarized light in a magnetic field. This required deriving the full current—current response
function in the presence of both spin—orbit coupling and nonsymmorphic symmetry constraints. The
resulting theoretical expressions predict logarithmic divergence in the Faraday angle at frequencies
corresponding to absorption edge (band gap energy) transitions, offering a direct link between

symmetry-enforced band crossings and observable optical rotation.



3. Magnetic Response of Bernal-Stacked Bilayer Graphene. I investigated the magnetic
response of Bernal-stacked bilayer graphene subjected to an in-plane magnetic field and an out-of-
plane displacement field. Using a four-band tight-binding model, I computed the insulator—metal
phase transition spectrum and employed the Feynman—Hellmann formalism to evaluate the orbital
magnetic susceptibility via second-order perturbation of the energy with respect to the magnetic
field. To reduce the magnetic field required to induce the insulator—metal transition, I incorporated
skew interlayer couplings that give rise to trigonal warping in the band structure. The inclusion of
these couplings introduces new energy and length scales, significantly lowering the critical magnetic
field to experimentally accessible values and thereby making the transition more feasible in practical

settings.

4. Twisted Bilayer Graphene under Combined Fields. Finally, I extended the analysis
to small-angle twisted bilayer graphene, incorporating both external electric and magnetic fields
within the moiré superlattice framework. By projecting the system onto the low-dispersive miniband
subspace and including Peierls phases along with interlayer potential differences, I demonstrated that
the linear band dispersion evolves into a parabolic form. However, unlike the Bernal-stacked case, an
insulator-metal transition cannot be realized as a function of field strength, indicating a distinct
intrinsic nature of the parabolic bands. Nevertheless, the field-induced modifications in the band
topology suggest promising avenues for exploring their influence on linear response properties—such
as the Drude weight—and will pave the way for designing novel electronic phases in two-dimensional

materials.

Together, these objectives chart a path from fundamental symmetry-driven phenomena in idealized
Dirac semimetals to practical band-engineering applications in graphene-based heterostructures. Each
step validates the theoretical framework against known experiments and suggests new measurements

to probe the rich landscape of field-tunable 2D materials.

1.4 Thesis Outline

This dissertation begins with a broad overview of two-dimensional (2D) materials, starting
from graphene and its derivatives, extending to nonsymmorphic 2D crystals, and emphasizing the
motivation for employing external fields to engineer and probe their electronic band structures.

Chapter 2 introduces the unique characteristics of nonsymmorphic Dirac semimetals, outlining

their theoretical framework, real-world realizations, and classification into distinct types.



In Chapters 8 and 4, we investigate the magneto-optical properties of nonsymmorphic Dirac
semimetals in the presence of external magnetic fields. We derive the optical selection rules governing
absorption, identify the role of lattice symmetries in protecting Dirac crossings, and develop a
current—current response formalism for calculating photon absorption and Faraday rotation. Our
results predict logarithmic enhancements in the optical rotation spectrum under applied magnetic
fields.

Chapter 5 focuses on Bernal-stacked bilayer graphene, where we compute the band dispersion
under crossed electric and magnetic fields and explore the field-driven metal-insulator (MI) transition.
We further examine the orbital magnetic susceptibility, revealing how field-induced MI transitions
manifest in measurable responses.

In Chapter 6, we extend the study to trigonal-warping—enabled Bernal-stacked bilayer graphene.
We demonstrate that including trigonal warping substantially reduces the required field strength for
the MI transition to occur.

Chapter 7 turns to small-angle twisted bilayer graphene (tBG). We describe the formation of its
Moiré Brillouin zone, construct the continuum model, and analyze the renormalization of the Fermi
velocity due to twisting. At the chiral limit, we successfully reproduce the celebrated flat bands at
the magic angles. While initially motivated to explore the MI transition under combined electric and
magnetic fields, our study reveals—based on the best of our knowledge—that the tBG system does
not support this transition in a straightforward manner. We provide a justification for this finding.

Finally, Chapter 8 summarizes the principal conclusions of this dissertation and highlights
promising avenues for future research. Detailed derivations, supplementary calculations, and technical

material are collected in the appendices.



Chapter 2

2D NONSYMMORPHIC DIRAC SEMIMETAL

Over the past decade, two-dimensional (2D) Dirac-like electron gases have attracted tremendous
research interest, with examples ranging from graphene [2] to topological insulators [17] to Dirac
and Weyl semimetals. These materials [18, 19, 20] possess several unique electronic and optical
properties traceable to their linear energy dispersion and non-trivial Berry phase. Graphene has
become the prototypical instance of two-dimensional Dirac fermions. However, the Dirac points
in many existing 2D materials, including graphene, are vulnerable to spin-orbit coupling (SOC).
Motivated by finding alternative 2D materials beyond graphene, various atomically thin materials,
including silicene, germanene, few-layer black phosphorus, and other 2D compounds, have been
theoretically proposed and experimentally prepared [21, 22, 23, 24]. Recently, symmetry-protected
2D Dirac semimetals have attracted intense interest. These materials feature Dirac points that are
not gapped by SOC interaction and are protected by nonsymmorphic lattice symmetry [5, 25].

Dirac-like band dispersions have recently been observed in the nonsymmorphic monolayer film,
a-bismuthene [5]. The lattice structure of a-bismuthene belongs to the #42 layer group (pman), as
shown in Fig. 2(a). There are two atomic sublayers marked by ‘A’ and ‘B’ in a-bismuthene with a
vertical spacing of 3.02 A in between. The in-plane lattice constants are 4.53 and 4.72 A in the z and
y directions, respectively. The lattice is invariant under a glide mirror reflection. That is a mirror
reflection to the middle plane between the two sublayers followed by a translation by a half lattice
constant in both x and y directions. This nonsymmorphic glide mirror symmetry leads to band
degeneracy at the high symmetry momentum points X; and X5 of the Brillouin zone as described in
Sec. (2.1) later. The first-principles band structure (Fig. 2(b)) indeed exhibits band crossing features
among all the bands at X; and X,. The top Dirac nodes in valence bands X; and X, are denoted
by ‘DP1’ and ‘DP2’, respectively. The two Dirac nodes are not connected by any lattice symmetry

operation. Therefore, they are at different energies: DP1 at 0.7 eV and DP2 and 0.4 eV. Though
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Figure 2.1: (a) Lattice structure of a-bismuthene. (b) Band structure of a-bismuthene. This shows both
DPs are below Fermi energy. The Fermi velocities are v, = 3.95 x 10° m/s and vy = 2.12 x 10° m/s at DP1,
and vy = 1.19 x 10° m/s and v, = 4.67 x 10° m/s at DP2. (c) Lattice structure of Monolayer Bismuth. (d)
Band structure of Monolayer Bismuth. This shows both DPs are below Fermi energy and are much closer
than a-bismuthene. (e) Zoom-in band structure marked by the red boz in (c), emphasizing the strong
anisotropy present in DP2 (X2). (f) The band is gapped in case the direction of magnetic field is normal to
the plane and gapless for parallel to the plane.
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the two nodes are not at the Fermi level in the pristine material, their energies can be shifted by
applying a gating voltage and/or a strain. Another example of nonsymmorphic symmetry leading to
protected Dirac points is found in Bi monolayer ([5]; see Fig. 2(c), with layer group LG-p21/m11
(screw axis), where the Dirac points are predicted to be much closer to the Fermi level(Fig. 2(d)).

To effectively optimize and utilize the unique properties of 2D materials, various strategies have
been proposed to tune the optical and electronic properties, such as the introduction of electric fields,
strain modulation [26, 27], atom doping [28], strain engineering [29], etc. However, to date, the
optical properties of 2D nonsymmorphic Dirac materials have not been systematically investigated
[30, 31].

There are two crucial differences between nonsymmorphic Dirac semimetals and graphene-like
2D Dirac materials. First, an anisotropy factor p is allowed by the lower symmetry of the system.
Our calculations show that p plays a vital role in controlling photon absorption. Second, the spin
(the o matrices) and orbital (the 7 matrices) degrees of freedom are coupled together in our model
Hamiltonian. Therefore, nonsymmorphic Dirac semimetals support strong spin-orbit coupling, unlike

graphene, in which the spin and orbital parts are largely decoupled. These two facts yield a richer
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spectrum of optical properties in nonsymmorphic Dirac semimetals than in graphene.

One probe of the states of the 2D materials is through their interaction with the external
electromagnetic field. In this report, we investigate the new features that nonsymmorphic symmetry
brings to the magneto-optical properties of two-dimensional Dirac semimetal. We first show our study
on the optical absorption spectra of the material with and without the presence of the magnetic field.
Secondly, we showed that due to the nonsymmorphic symmetry present in our material, a circularly
polarized electromagnetic wave falling and passing through such a material can experience different
responses depending on the sign of the polarization, the so-called Faraday and Kerr rotation.

Firstly, we calculate the absorption coefficient. Our calculations show that it depends strongly
on the anisotropy factor and the photon polarization. By rotating the latter, one can change the
absorption coefficient by more than an order of magnitude, giving rise to birefringence. When a
magnetic field is applied, the absorption coefficient also depends on an internal parameter, which
we term the “mixing angle” of the band structure. This parameter becomes therefore accessible
to experimental investigation. We further find that an in-plane magnetic field, while leaving the
system gapless, can induce a Van-Hove singularity in the joint density of states: this causes a
significant enhancement of the optical absorption at the frequency of the singularity for one direction
of polarization but not for the orthogonal one, making the optical properties even more strongly
dependent on polarization and anisotropy. These results suggest that a very pure nonsymmorphic
2D Dirac semimetal can be an excellent candidate material for tunable magneto-optic devices.

Secondly, we also present our frequency-dependent calculations for the magneto-optical properties
like the optical Hall conductivity and Faraday and Kerr rotation angle. The results based on our
theoretical calculations for optical conductivities reveal that the longitudinal conductivities depend
on the anisotropy, which gives rise to the birefringence. However, the transverse component (the
Hall conductivity) is only frequency-dependent and proportionate to the Faraday angle. At the
zero-frequency limit, we get a finite value of Faraday rotation, which is 2ar, where ag is the Fine
structure constant. Our theory is general and applies to all 2D materials which hold nonsymmorphic
symmetry. The results indicate that materials like these can be a suitable polarization rotator with

high transmittance overall.

2.1 Model and Symmetries

We have taken the example of a-bismuthene as the nonsymmorphic material described in the

reference [5]. According to this paper the Dirac cones exists at X; = (m,0) and X = (0, 7) of the
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Brillouin zone. a-Bi is nonmagnetic and centrosymmetric, so the time-reversal (T) and inversion (P)

symmetries are preserved. The symmetries in this model can be described by the three generators:

M,: (z+1/2,y+1/2,—2) io,
P:(—z,—y,—z) 0o (2.1)

Maﬁ : (—x,y,z) iaz

Here, M., represents a nonsymmorphic glide mirror operation — the mirror reflection accompanied
by a half lattice translation parallel to the mirror plane in the case of a-bismuthene. In Eq. (2.1), x, y
z are spatial coordinates, while o; are Pauli matrices for the degree of freedom of spin. It describes the
action of symmetry operators on the spatial coordinates and spin space. It would instead represent a
screw-axis symmetry in the case of monolayer Bi. We can write the matrix representation of the
symmetry operators as

T = —ioy, @ 1o (Time reversal)

M, = o, ® 7, (Glide mirror)
(2.2)

P =0y ® 7, (Parity)
M, = —io, ® 7, (Mirror -x),

where K is the complex conjugation part which can be thought of as a 2 x 2 matrix. Here, o;
(i = z,y, z) are Pauli matrices for spin and 7; (i = z,y, z) are Pauli matrices for orbital degrees of
freedom, respectively, and og and 79 are the 2x2 identity matrix [5]. The three symmetries mentioned
in Eq. (2.1) guarantee four-fold band degeneracies in X; and X, and the key reason for this is the
nonsymmorphic character of M, which leads to a special commutation relation with P.

Following the definition of the symmetry operators we can write the following relations
- - N2
M.P =TnoPM; (Mz) = —Tho; (2.3)

These equations declare that the eigenvalues of the glide mirror operator are momentum dependent,
and can be written as g, = die~%#=/2=%4/2 The X;-points are T-invariant momentum points, which
ensure a degenerate Kramers partner (|®(X;)), T|®(X;))), and these must share the same eigenvalues.
Furthermore, from the above equation, we can conclude that at the X;-points, the eigenvalues of the
glide mirror operator are g, = £1; which is purely real. Moreover, because we have {Mz, P} =0 at
these momentum points P|®(X;)), TP|®(X;)) must be other degenerate partners of the states with

opposite eigenvalues.
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2.2 Model Hamiltonian without magnetic field

For our purpose, we first consider the Dirac cone X; = (7,0) where the Hamiltonian can be

written as:

H = pvky(cosa 0, @ T, +sina 09 @ 7)) + vky (0 @ 72)
(2.4)

= pvky(cosa v, +sina v;) + vkyyy ,

where v, = 0, ® 72, 7y = 0y ® T, and v, = 09 ® T,. We define p as the anisotropy factor p = :’)—;
because it refers to the mismatch in the Fermi velocity along = and y-direction, where v, = v and

pv = v;. The angle « is what we termed the "mixing angle,"

which is also an intrinsic parameter of
the model.
The M, symmetry helps us to decompose the Hamiltonian into two 2x2 matrices representing the

M. even sector (eigenvalue +1) and odd sector (eigenvalue -1). For convenience, we chose the even

sector to work with, corresponding to o, =1, 7y =1l and 0, = -1, 7, = —1.

2.2.1 Construction of the reduced Hamiltonian

We can classify the eigenstates according to the eigenvalues of M, = Ty0 . In this section, we
construct the reduced 2 x 2 Hamiltonian for the symmetry sectors M, = 1 and M, = —1.

In the M,-even sector (eigenvalue +1) a convenient basis is

1 0
110 1 1 (2.5)
V1 = —= 5 Vo = —= .
V2 7 V2 0
0 —1
corresponding to 0, = 1,7, = 1 and 0, = —1,7, = —1 respectively. Simple algebra leads to the
following reduced Hamiltonian in the M..-even sector:
Hy _y = pvke (cosao, +sinao,) + vkyoy, (2.6)
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The eigenvector of Hy; _, are best expressed in the basis

1 1

V1 + U9 1 { V] — 109 1 —1
= = , —_— = 27
a1l a1l (27)

1 -1

In this basis (i.e., interpreting L\/%"? as the conventional | 1) and % as the conventional | |)), o,

becomes o, o, becomes o, and o, becomes o,. Thus we have

=11 = pukg (o cosa + oy sina) + vkyo, (2.8)
Similar manipulations for the M.-odd sector (eigenvalue -1) lead to
lTN{]\~4z:71 = pvky(—ozcosa + oysina) + vk,o, . (2.9)

The anisotropy factor p is material-dependent. The two Dirac cones of bismuthene have different p
values, namely, p = 1.86 at X; and 0.25 at X5, because the two valleys are not connected by any
crystal symmetries. In the following discussion, we will take p as a free parameter of the model and
study the p-dependence of optical absorption.

In both cases, the eigenvalues are respectively.

E = +v,/p?k2 + k2 (2.10)

Notice that we could reduce the whole Hamiltonian to 2x2 form only because the system has the

glide mirror symmetry M..

2.3 Model Hamiltonian with Magnetic field

Introducing a magnetic field in this system reduces the symmetry. We go back to the original
form of the Hamiltonian to find the eigenstates and eigenvectors. The Hamiltonian with the magnetic
field is

H = pvkm(cosoz v, + sina %) + vkyyy + B To O, (2.11)
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The direction of the magnetic field is described by polar (1) and azimuthal angles (v) such that

—

B = B (sinpcosv,sin usinv, cos ) , (2.12)
We also set
vpky, = kcos¢, vk, =ksing. (2.13)

With this notation the energy eigenvalues are !

E(6) = /B + B £ 2BRF(9), (2.14)

where

F(¢) = \/(cos ¢ cos a)? + sin? yi(cos ¢ cos vsin o + sin ¢sin )2 | (2.15)

The spectrum is generally gapped in presence of magnetic field. We find the band gap A using
Eq. (2.14) as:

|E()| _ 2\/1 A+ C+ /A2 +C? +2AC cos(2y)

5= 2 min 5 , (2.16)

where we have defined

.2 2
sin” o — tan® v
cos(2y) = L ¥ 2.17
@) sin? o + tan? v ( )
and

A=cos?a, C =sin?p(cos®vsin® a + sin’ v). (2.18)

In the special case of magnetic field along the z-axis (u = 0), we get A = cos?’a, C' = 0,

= 2sin .

wl>

If the magnetic field is along the z-axis (u = 7/2,v = 0), we have A = cos? o, C' = sin® a,

cos(2v) = 1, yielding A = 0.

If the magnetic field is along the y-axis (u = 7/2,v = 7m/2), we have A = cos’a, C = 1,
cos(2v) = —1, yielding A = 0.

The bandgap along z-direction of field depends on the mixing angle o. Thus, by measuring the

bandgap in the presence of a magnetic field one can determine the value of the mixing angle.

1Notice that the eigenvalues come in pairs of opposite signs. This is because the original Hamiltonian anti-commutes
with the operator 7.0 - (k X B) where k is a vector with components (k; sin o, ky, 0).
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2.4 Calculation of the constant energy contours

With k = |/k2 +E§, ky = pvk,/B = kcos ¢, k, = vk,/B = ksin¢, and setting B = 1 as the

unit of energy we define the conduction band energies as

ECI(E7¢) =Y 1+ ]%2 - 21;F(¢) ) ECQ(]%’(b) = V 1+ ]%2 + 2EF(¢)

(2.19)

and E,; = —F., Fys = —E.. The a, p, v-dependence of F' is omitted. Notice that k> 0 and

0 < F <1 so we have E.; < E. for all k.

The constant excitation energy contour for v1 — ¢l transitions is

(vl = cl): ka() = F<¢>+¢F<¢>2+(;’)21
(o) = F<¢>—\/F<¢>2+(°;)2—1

A<w<2, ¢min<‘¢|<¢mal'

(2.20)

where w is the excitation energy and the angles ¢unin, @dmas are the positive solutions of the equation

The constant energy contour for v1 — ¢2 (or v2 — ¢l) transitions is

(vl = ¢2) 1 k(¢) = L;UMQWZ_F?QS)Q

> 2

This is simply a closed loop around the origin.

Finally, the constant excitation energy contour for the v2 — ¢2 transitions is

Again, this is a closed loop around the origin.
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Chapter 3

OPTICAL ABSORPTION COEFFICIENT OF
NONSYMMORPHIC DIRAC SEMIMETALS

We here present our work on the calculation of the optical absorption coefficient of the aforemen-
tioned material with and without the presence of the magnetic field. We will assume that at least
one nonsymmorphic Dirac node is present at the Fermi level and is directly accessible to photon
absorption processes. Our model for nonsymmorphic 2D Dirac cone is spelled out in Eq. (2.4) and
we will examine the role played by the intrinsic parameters of that model, i.e., the "anisotropy
factor" and the "mixing angle". While the Dirac cone is expected, under this assumption, to be the
main contributor to the low-frequency optical absorption spectrum, it is not possible, in general, to
completely eliminate low-frequency contributions from metallic regions of momentum space, where the
Fermi level crosses partially occupied bands. This point will be addressed in detail in the concluding
section, where we will argue that the residual metallic absorption can be clearly separated from
Dirac-cone absorption in sufficiently clean samples because it gives rise to a distinct Drude absorption
peak.

To calculate the absorption coefficient we perform our calculations without and with the magnetic
field, and in the latter case, we consider three orthogonal directions of the field. We find that a
magnetic field perpendicular to the plane opens a gap in the spectrum. The magnitude of this gap
can be related to the internal "mixing angle" — a quantity not directly accessible from the band
structure in the absence of a magnetic field. On the other hand, an in-plane magnetic field leaves
the system gapless but splits the Dirac nodes. For one direction of the magnetic field, a Van-Hove
singularity appears in the joint density of states. It is associated with a change in the topology of
the constant energy contours at a saddle point in the band structure. The logarithmic divergence of

the joint density of states leads to enhanced absorption for one direction of the photon polarization
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but not for the orthogonal one, which implies that the absorption coefficient is very sensitive to the
polarization of the incident light when the frequency approaches the Van-Hove singularity.

One of our significant findings is that the absorption coefficient can be tuned by changing the
polarization and frequency of the incoming wave. This tunability is further enhanced by the intrinsic
anisotropy of the Dirac cones. These results open the door to interesting magneto-optical applications

of 2D nonsymmorphic Dirac materials.

3.1 Mathematical framework to calculate the optical absorp-
tion coefficient

The electromagnetic interaction is given by J- fl‘(t)7 where J = %—g is the current operator with
components

Je=pv(cosa 0, @7, +sina g ®@T1y), Jy =0T.0y. (3.1)

and A(t) is the vector potential
A(t) = Ag cos(wt) e, (3.2)

where Ay is the amplitude of the electromagnetic wave and the polarization vector e is defined as. !

e = cos 8% + €% sin By (3.3)
The optical transition probability is
A%? fmaz 5(k — k;(9))
Wv c = dkk d M j— 34
7 (w 27Th / /nnn ¢ | >| | (EC E'U)(k7 )/dk| ( )

where k;(¢), with j = + or — are the constant energy contours at the transition energy w, i.e., the
solutions of the equation E.(k,¢) — E,(k,¢) = 2hw, and v — c refers to the transition from the

valence band to the conduction band. The squared matrix element of the current operator is given by

|M;(0)]? = |(1bej(9)|pY? cos B T +e P p 12 sin B J, |1hy; () ° (3.5)

where

Y0 (0)) = [0 (kj(9),0)) s [¥ej(9)) = [¢e(ki(9), 9))- (3.6)

1We are working in low energy regime thus using the dipole approximation and neglecting the photon momentum.
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are, respectively, the valence and conduction band states evaluated at the iso-energy surface, i.e.,
k = k;(¢). From Eq. (3.4) we have an expression for the transition probability that we can utilize
to calculate the optical absorption from different pairs of bands (e.g, v1 — ¢1 or v1 — ¢2), with or
without the magnetic field.

For example, if we consider only intra-valley transition v; — ¢; we find that the transition

probability is

A o Lk (@)IMy @) +E ()M (6)P

Wiyise = 5 %
1 1(W) 27h Smin \/F(¢)2 + (%)2 _1

: (3.7)

where w is the excitation energy and has value A < w < 2B (A is the bandgap of the system). Here

Omin and @nq, are the lower and upper limits of integration, defined by the solutions of the equation

F(¢)>=1- (3)2 . (3.8)

The two branches of the energy contours ko (¢) coincide at ¢min and @mq, and thus combine to
produce closed contours around the minimum excitation energy (Look into the supplementary

material section 1.4 for calculation of the iso-energy contours).

3.2 Results and Discussions

Based on the mathematical framework described before, we can calculate the optical absorption
coefficient for a general direction polarization with and without the magnetic field. First, we start
with the case where there is no magnetic field in our system, and later we introduce a magnetic field

in different directions.

3.2.1 Optical absorption coefficient without the magnetic field

In this case, as there is no magnetic field present, we have used the reduced Hamiltonian Eq. (2.8)
for M, = +1. The glide mirror symmetry holds for this case and has distinct eigenvalues for the
two valleys (M, = 41), which prevents inter-valley transitions. As a result, we end up with only
intra-valley transitions (i.e., v; — ¢; or vy — co which are exactly equal). For the valley X1, we get

the transition probability

A%w 1.
Wolssel = - (p cos® B + p~ ! sin? ,6’), (3.9)
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The optical absorption coefficient calculated [32] for the general direction of polarization without

magnetic field takes the form:
me?

= Thcf(p’ﬁ)’ (3‘10)

n

where we have defined the birefringence function

f(p.B)=(p cos’ B + p~ ! sin? B) . (3.11)

We have reinstated the & to get the dimensionless quantity, the fine structure constant (%zc =1/137).
This expression of optical absorbance is calculated for a single valley (which in the case of a-
bismuthene could be either the X; or the X, valley) as a function of the anisotropy factor p. It
is also evident that this result is very similar to the well-known result for graphene, 2 in that the
absorption coefficient is frequency-independent, but now it has a strong polarization dependence,
as indicated by the birefringence function. For large anisotropy (p < 1 or p > 1) the absorption

coefficient can change by a significant factor upon rotating the polarization angle.

3.2.2 Optical absorption coefficient in the presence of a magnetic field
along the z-direction

When working with the magnetic field along the z-direction, the Zeeman term preserves the glide

mirror symmetry; thus, we can still decouple the Zeeman term for even and odd sectors under the

glide mirror symmetry operator. The Zeeman term Brgo, can be reduced to Bo, in the even sector

and —Bo, in the odd sector. We have used the reduced Hamiltonian for the even sector of ]\/:fz

(Eq. (2.8)) and added the Zeeman term:
Hy _y = (pvkycosa+ B)o, + pvkysinao, + vkyo. , (3.12)

We write the eigenvalues as

B 2 B2
E=+v <pkx + — cos oz) +k 4+ — sin? o . (3.13)
v v

From Fig. 3.1(a), we see the energy bands when the magnetic field is along the z-direction, and
there exists a gap equal to A = 2Bsina (Eq. (2.16)), which means the bandgap has dependence over

the intrinsic quantity "mixing angle".

me?
he *

2The absorbance for monolayer graphene is Ngraphene =
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Figure 3.1: (a) Three-dimensional plot of the band dispersion for the magnetic field in the z-direction.
Notice that there is a band gap A = 2Bsin a at two points separated by a wave vector proportional to B,
along k;. The momenta k, and ky are in units of % and the energy is in units of B. (b) This figure shows
that only intra-valley transitions are possible as the two valleys hold opposite eigenvalues for M.. (¢) Plot of
the optical absorption coefficient vs scaled frequency w' = s5ems for four different polarizations. The plot
starts at w > 2B sin .

Both the current operators J, and J, and our Hamiltonian (Eq. (3.12)) commutes with M.,
which makes the transitions preserve the parity of M.. In Fig. 3.1(b), we have shown the two valleys
have opposite symmetries against the glide mirror symmetry for the z-direction of the magnetic field,
and hence inter-valley transitions are not allowed.

Calculations similar to the previous section for optical absorbance (7,) for the X; valley leads us

to

7'('62 2

4B 4B
N, = T flp,B)(1+ 7 sin® a) + o sinasindsin25| . (3.14)

The birefringence function that appears in this expression will let us control the absorbance with the
polarization of light. Also, it has a dependence on the frequency. For the X, valley the expression is
exactly the same with a different value for the anisotropy factor.

To understand the effect of the anisotropy factor on the absorbance, we assumed one Dirac
point to be nearly isotropic (p &~ 1.0) and the other Dirac point to be highly anisotropic (p = 0.1).
In Fig. 3.1(c), we have plotted the optical absorption coefficient (Eq. 3.14) with frequency (scaled
frequency w' = sp%—) for both the isotropic and anisotropic Dirac points for four different

polarization. From these figures, one can see when the polarization is along z-direction (8 = 0;5 = 0)
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Figure 3.2: (a) Three-dimensional plot of the energy bands for the magnetic field along the x-direction.
The spectrum is gapless. (b) This figure shows that only intra-valley transitions are possible as the two
valleys hold opposite eigenvalues of Tyoz. (c) Plot of the absorption coefficient ne vs B for a = /4, for two
different values of p, referring to the isotropic (p = 1.0) and the anisotrpic (p = 0.1) valley respectively. The
absorption coefficient is in a unit of Ngrahene-

(Fig. 3.1(c(i)) the dominating Dirac point is the isotropic one (p = 1.0) unlike the other cases where
the anisotropic (p = 0.1) case prevails in the absorption spectrum.

It shows when we change the polarization to the z-direction (8 = 0;0 = 0), we can significantly
decrease the total absorbance, whereas if we switch to y-polarisation (8 = 7/2;d = 0) we increase the
total absorption by an order of magnitude. This shows the Dirac point mainly contributing to the
enhancement of the absorbance is the anisotropic one, and this is due to the birefringence function

present in the expression.

3.2.3 Optical Absorption Coefficient in the presence of the Magnetic Field

along the x-direction

For the magnetic field at z-direction, the Hamiltonian can be written as

H = pvk, cosa vy, + pvk, sina v, + vkyyy + By 1004 , (3.15)

The corresponding eigenvalues are:

E= j:\/(pvlgz + B)? +v2k2 (3.16)

From Fig. 3.2(a), we see that there is no bandgap, and the two valleys cross each other. Similarly
to the z-direction, we find that a symmetry operator 7,0, is present in this case, which commutes

with the current operators and the Hamiltonian. This has opposite signs in the two valleys (shown
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Figure 3.3: (a) Plot of the energy bands for magnetic field along the y-direction for the X1 wvalley. There is
no gap for transitions from v1 to c1, as these two bands touch at the Dirac points (0,£B/v). On the other
hand, the v2 and ca bands are separated by a gap 2B at (0,0). (b) Plot of the band dispersion along the line
kz = 0. Notice that both “intra-valley” (vi — c¢1) and “inter-valley” (v — c2) transitions are possible, the
latter only for frequencies larger than 2B. (c¢) Change of topology of the iso-energy contours with increasing
excitation energy. The first change in topology occurs at the saddle-point frequency w = 2B sin «,, the second
at w = 2B. (d) Plot of the absorption coefficient ny (in units of Ngraphene = %) vs. w for a« = /4. Notice
the logarithmic singularity at w = 2B sin . and the cusp at w = 2B. These features are related to the changes
in the topology of the iso-energy contours shown in panel (c). Inset: joint density of states as a function of w
showing a logarithmic divergence at the saddle point w = 2B sin o, where o = /4.

Fig. 3.2(b)) and thus only allows intra-valley transitions for optical absorption. This symmetry
operator 7,0, (product of the two broken symmetries, time reversal, and glide mirror) protects Dirac
cones even though time-reversal symmetry is broken due to the presence of the magnetic field.

For each valley, we get the optical absorption coefficient in the form:

7T€2

=5 /(0. 5). (8:17)

N

which coincides with the result obtained with no magnetic field.
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3.2.4 Optical absorption coefficient in the presence of a magnetic field in

the y-direction

For a magnetic field in the y-direction, the Hamiltonian can be written as

H = pvk, cos ay, + pvky sin ary, + vkyyy + Bytooy, (3.18)

where the v matrices are defined after Eq. (2.4). Its eigenvalues are

E = i\/(\/(pvkw cosa)? + (vky)? £ B)2 + (pvks sin a)2 . (3.19)

Let us start our calculation for the magnetic field in y-direction by keeping p = 1 (isotropic
valley). This means that the only source of anisotropy is the magnetic field itself. From Fig. 3.3(a)
we see that the Dirac point, which initially was at X1, is split by the magnetic field term Bryoy into
two distinct Dirac points located at k, = 0, ky, = £B/v. The two Dirac points are related to each
other by parity symmetry (o7, combined with the inversion of k), which remains intact in this case.
The bands emanating from the two Dirac cones (depicted in blue in Fig. 3.3(a)) account for the
low-frequency part of the absorption spectrum. The high and low energy bands, depicted in orange
in Fig. 3.3(a), become degenerate with the blue bands at the X; point (k, = k, = 0), as required by
parity symmetry. Also, this band dispersion gives rise to a saddle point at k, = cosa, ky = 0 as can
be directly verified from Eq. (3.19). The singularity occurs in the “blue" bands, and the transition
frequency associated with it iS Wepiticar = 2B sin a.

We performed numerical calculations for the absorption coefficient in the presence of a magnetic
field along the y-direction. There is no selection rule from the symmetry constraints in this case.
Thus we have included all the possible transitions (inter-valley transitions i.e., v1 — c2 together with
intra-valley transitions i.e., v1 — ¢;) and obtained the optical absorption coefficient as shown in
Fig. 3.3(d). Notice that we only have intra-valley transitions for w < 2B. For w > 2B we include
V1 — ¢ and vy — ¢ transitions.

The absorption spectrum has a logarithmic singularity at the saddle-point frequency w = weritical =
2Bsin« (Fig. 3.3(d)). Furthermore, this singularity is prominent only for light polarized along the
a-direction (5 = 0,6 = 0).

To understand the origin of this singularity we have calculated the joint density of states (JDOS)
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which is defined as

)= Y0 )~ Eu00) = oy 3 [ bk [ s O oo
- 27 pv —~ Jo |d(Ee — Ey)(k, ¢)/dk|
In the vicinity of wepiticar this evaluates to
w sin «
~ taln | ——m—— 21
g(W) WPUZ corath W — Weritical (3 )

Thus we see that the logarithmic singularity in the absorption spectrum for z-polarization reflects
an underlying singularity in the JDOS. This singularity can also be understood by observing the
change in the topology of the iso-energy contours which occurs at wepiticar, as illustrated in panel
(c) of Fig. 3.3. This effect — akin to the change of Fermi surface topology in a Lifshitz transition —
is entirely induced by the magnetic field. The downward cusp in the absorption spectrum around
w = 2B can also be understood due to the vanishing of the inner iso-energy contour at this excitation
frequency, as shown Fig. 3.3(c(2)).

It remains to be explained why the absorption spectrum does not have a logarithmic divergence
at w = Weritical When the incident light is polarized in the y-direction. In fact, in this case, we only
observe a small downward cusp at w = wWeriticar- Lhe reason for this difference becomes clear when
we consider the behavior of the squared matrix elements of the current operators (J, and J,) at
the saddle point. The matrix element of J, vanishes at the saddle point energy, whereas the matrix
element of J, remains finite. This is further discussed in the Appendix A.1.

The scenario described in the previous paragraphs is not related to band anisotropy, which should
be evident from the fact that we observed a strong polarization dependence of the absorption spectrum
even though the anisotropy parameter p was set to 1 (we have discussed the optical absorbance for
the anisotropic Dirac cone and the total absorbance in the Appendix A.2. The scenario is also robust
with respect to variations of the mixing angle a: while the plots of Fig. 3.3 have been obtained for

a = /4, we find the same qualitative behavior for other values of o (Appendix A.3).

3.3 Summary and conclusion

In this work, we have reported a detailed theoretical analysis of the photon absorption spectrum
for a generic model of nonsymmorphic 2D semimetals with and without a magnetic field. In the

absence of a magnetic field, the absorption coefficient is very similar to the absorption coefficient for
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graphene, which is & = 2.3% but multiplied by the birefringence function we define in Eq. (3.11).
For a strongly anisotropic cone with p < 1, f(p, 8) grows as 1/p, which leads to an order of magnitude
enhancement of the absorption coefficient for the anisotropic valley. Furthermore, this enhancement
is highly sensitive to the direction of the photon polarization, as can be seen from the sin? 3 factor
in the birefringence function. This function together with the photon polarization can enable a
valley selection in the absorbance spectrum in the case that a nearly isotropic valley and a strongly
anisotropic valley are present near the Fermi level.

Upon switching on the magnetic field, the absorption spectrum becomes frequency-dependent,
and the absorption function is also coupled with anisotropy factor p and the mixing angle a. We now
have more than one control parameter at hand to tune the absorption coefficient, which enables us
to tune the absorption coefficient efficiently by varying the photon polarization angle 8. The range
of tunability of the total absorbance (taking both isotropic and anisotropic valley into account) is
quite broad, going from 1 to up to 10 in units of 79graphene, Which is larger than that envisaged in
previous works [33, 34]. A magnetic field perpendicular to the plane opens a gap 2B sin a, whose
observation allows an experimental determination of the hidden "mixing angle" a. On the other
hand, an in-plane magnetic field leaves the system gapless but splits the Dirac cones and makes
absorption more sensitive to photon energy. For example, in Fig. 3.3(d), we plotted the absorption
coefficient for a magnetic field along the y-direction as a function of frequency for different photon
polarizations. The Van Hove singularity in the joint density of states, from the saddle point in the
band dispersion [35], gives rise to a sharp peak in the absorption spectrum and thus greatly enhances
the photon absorption at the critical frequency.

We note that the generic band model of 2D Dirac semimetals is employed in this work, and
thus the results can be applied to study the optical properties of all Dirac semimetals with different
nonsymmorphic lattice symmetries. The significant tunability in photon absorption enabled by the
band anisotropy and external magnetic fields establishes nonsymmorphic 2D Dirac semimetals as a
promising platform for optoelectronic and magnetoelectronic device applications.

We conclude with a few comments on the prospects of observing the features described in this
paper in experiments on realistic materials such as a-bismuthene. We have already mentioned the
problem of positioning the symmetry-protected Dirac cone at the Fermi level, or, at least, very close
to it. This can be achieved by doping or by the application of mechanical stress. However, the
proper positioning of the Dirac point is not sufficient to guarantee that the low-frequency portion
of the optical absorption spectrum will be dominated by interband transitions between the lower

and the upper Dirac cone. The reason is that, in general, there are partially occupied bands giving
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Figure 3.4: Estimated metallic absorption coefficient (Mmetar — blue line) vis-a-vis the absorption coefficient
due to the Dirac cone with a magnetic field B perpendicular to plane (n. — orange line) vs. frequency (w —in
units of 10" Hz.). Our estimate of metallic absorption is based on the Drude formula for metallic
conductivity, with Fermi energy on the order of 0.1 eV and momentum relazation time T = 10~'%s. We also
take B= 5 T and o = /4. For this very clean system, the metallic absorption is a Lorentzian with a finite
and sharp peak. It is well separated from the Dirac-cone absorption and the latter can be measured with

negligible contribution from the former. The absorption coefficient is in units o ”{f ~ (0.023.

rise to a low-frequency metallic absorption background, which can obscure the signal from the Dirac
cone. What saves the day is the fact that, in a sufficiently clean system, this background absorption
(arising from intraband transitions within the partially occupied bands) has the form of a Drude
peak at zero frequency with a width given by the inverse of the momentum relaxation time 7. The
bandgap for magnetic field in the z-direction is 2B sin «, and the photon absorption from interband
transition starts above the gap. Assuming a magnetic field of 1 Tesla (=~ 10~23Joules) the width of
the Drude peak becomes smaller than the gap for 7 greater than ~ 10~ !!s.

The Drude contribution to the absorption coefficient is calculated by dividing the power dissipated
in the layer per unit area, W, = Re(j.E) = Re(c)E?, where j = o E is the current density and o is the
Drude conductivity of the carriers in the partially filled band, by the incident power W; = cE?/(47).
The result is

Wo  4mRe(o)

metallic = Ty 3.22
Nmetall W, ( )

C

Inserting the well-known expression for the Drude-conductivity of a two-dimensional electron gas,

[o4)
1—iwT?

megr
Th?

2 . . . . . . .
o= where o9 = “=F and n = is the two-dimensional carrier density and ep is the Fermi

energy, we arrive at
ne? depT/Th

metallic — 3% . 3.23
IImetall he 1+ (wr)? (3.23)

This absorption spectrum is plotted in Fig. (3.4) vis-a-vis the one from the Dirac cone (1z).

We have assumed a relaxation time 7 = 10705, a Fermi energy of 0.1 eV, and a magnetic field of
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5 T, which leads to a peak width at half maximum of about (FWHM = ?) 0.36 Tesla which is
significantly smaller than the energy scale (2Bsina &~ 77") on which the most interesting features of
our nonsymmorphic model (for example, the magnetic field-induced van Hove singularity) appear.
Notice that the metallic absorption spectrum is in the form of a Lorentzian (%m), thus the
absorption coefficient remains finite at zero frequency. Choosing a sufficiently large relaxation time
we can get the width of the Drude peak to be very narrow. Theoretical studies of two-dimensional
materials have shown that large values of the momentum relaxation time are possible [36, 37].
Therefore we are hopeful that for very clean materials, it will be possible to achieve 7 ~ 107105

experimentally. Thus, in sufficiently clean materials the spectral features predicted in this paper can

be clearly distinguished from the Drude peak arising from the partially occupied bands.
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Chapter 4

FARADAY AND KERR EFFECT OF NONSYMMORPHIC
DIRAC SEMIMETALS

4.1 Introduction

The Dirac semimetals with nonsymmorphic symmetry are a comparatively recent addition to the
2D material family. These materials feature Dirac points that are not gapped by spin-orbit coupling
and are protected by nonsymmorphic lattice symmetry [5, 25]. Specific realizations of these materials
have recently been proposed to occur in the nonsymmorphic monolayer film of a-bismuthene, the
monolayer of bismuth (MBi), black phosphorene, PtPb4, and in several others, and more details on
the lattice structures and symmetries can be found in Refs. [5, 38, 39, 40, 41, 42, 43, 44].

In our paper (Ref. [38]) discussed in the previous chapter, we have shown that nonsymmorphic
Dirac semimetals are very interesting when the Zeeman coupling breaks the time-reversal symmetry
and opens a gap. As a result, it creates sharp features in the optical absorption spectrum. In
addition, these materials are intrinsically anisotropic and therefore exhibit the phenomenon of
optical birefringence. In the context of 2D materials, for a TRS broken system, the rotation of the
polarization of the transmitted (reflected) light, i.e., the Faraday (Kerr) effect, can be used to deduce
the off-diagonal element of the optical conductivity o, as was shown for monolayer graphene by
Crassee et al. [45]. Nandkishore and Levitov have recently proposed that the quantum anomalous
Hall state could be observed by measuring the Kerr rotation [46] in bilayer graphene samples. Inspired
by the various interesting physics one can get from a gapped nonsymmorphic 2D Dirac semimetal,
we investigate the magneto-optical properties like Faraday and Kerr rotation in our paper, owing to
their invaluable scientific and engineering applications. In an applied context, these effects can be

used for nondestructive material characterization, magneto-optical memory, magnetic field or current
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Figure 4.1: (a) Schematic band diagram of a nonsymmorphic two-dimensional Dirac semimetal in the
presence of a magnetic exchange potential. The exchange potential (in the form of a Zeeman term) creates
the gap in otherwise linearly dispersing bands when it couples to out-of-plane spin. For an in-plane spin
coupling, there is no gap. (b) Schematics of the Faraday and Kerr rotation effects. In our study, we consider
light incident normal to the plane: thus, we keep the 01 =0 and Or = 0.

Or
~y
1
1
]

Elliptical polarization

Linear
polarization

Magnetic field

sensing, polarization rotators, and nonreciprocal optical devices (isolator, circulator)[47, 48].

For a single atomic layer, whose thickness is much smaller than the wavelength of the incident
light, the relationship between the Hall conductivity and Faraday (Kerr) angle 0 (0x ) can be derived
by solving the Maxwell equations on the two sides of the atomic layer and matching solutions at
the boundary. Such a derivation is worked out for bilayer graphene in Ref. [45, 49], for thin films
of topological insulators in Ref. [50, 51, 52], and for thin films of topological Weyl semimetals in
Ref. [53, 54]. However, the chiral response of 2D nonsymmorphic Dirac materials has not been
systematically investigated.

Here we present our derivation of the Faraday and Kerr rotation angles for a nonsymmorphic
Dirac semimetal model, including intrinsic anisotropy. We consider an effective Zeeman coupling
arising from exchange interactions with magnetic impurities or a nearby magnetized film [55, 56, 57].
The out-of-plane coupling of the exchange potential to the spin gives rise to a gap in the Dirac
cone (proximity effect) whether an in-plane coupling does not[41, 50, 58, 59, 60]. This exchange
potential can be tuned by changing the magnetization in the ferromagnetic insulator. Based on this
model, we calculate the complete frequency-dependent optical conductivity tensor, including diagonal
and off-diagonal (Hall) terms, and using that, we construct the frequency-dependent transmission
(reflection) matrix. When acting on the polarization vector of the incident light, this matrix gives out
the polarization of the transmitted or reflected light. Through a simplified approach, we calculate the
change in the direction of polarization of a linearly polarized wave upon transmission or reflection and
show that the Faraday rotation angle is significantly enhanced as the frequency of the incident light
approaches the threshold for optical absorption. In the appendix, we provide complete analytical

formulas to calculate the Faraday and the Kerr rotation angles for a general state of polarization of
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the incident light and show that a single complex Faraday or Kerr rotation angle can describe the
change in the polarization state. As a special case, we show that linearly polarized incident light
acquires, upon transmission/reflection, an elliptic component of polarization, which is caused by the

anisotropy of the system.

4.2 Model Hamiltonian

It is well known that two-dimensional materials with nonsymmorphic symmetries, such as glide
mirror and screw-axis ([61, 62]), support symmetry-protected level crossings at time-reversal invariant
points in the Brillouin zone. For example, a-bismuthene (a-Bi), with a glide-mirror symmetry M,
[5, 38] has symmetry-protected Dirac points at points X; = (7,0) and X, = (0, 7) of the Brillouin
zone. The points X; and X5 are not related to each other by a symmetry operation of the material.
Therefore the corresponding Dirac cones will have, in general, different dispersions and different
energies at the crossing point. We note that having symmetry-protected Dirac points does not
guarantee that these points will occur in close vicinity of the Fermi level, where they can control the
electronic properties of the material. We will assume that at least one of the Dirac points is indeed
at the Fermi level: this is not too far from reality for the X; point of a-Bi.

A general Hamiltonian that captures the low-energy dispersion of nonsymmorphic Dirac semimetals

near the Dirac point has been derived in Ref. ([5, 38]). It has the form
H = pvkz(cosa 0, @ T, +sina 09 @ 1)) + vky (0, @ T2), (4.1)

where the Pauli matrices o and 7 refer to spin degrees of freedom and orbital degrees of freedom,
respectively — the orbital degrees of freedom are associated with p-orbitals of the atomic sites of
the a-Bismuthene lattice [5]. The essential glide-mirror symmetry is represented by the operator
M, =0, ® Ty, while the remaining time-reversal, inversion, and the z-mirror symmetries are
represented by T' = —ioy, ® 0K, P = 09 ® 7, and M, = —io, ® 7, respectively.

Vg

In Eq. (4.1) we have introduced p as the anisotropy factor p = o which gives the ratio of the
Fermi velocities along = and y-direction, where v, = v and pv = v,. For example, in o-Bi, the Dirac
cones at X7 and X5 have p = 1.86 and p = 0.25, respectively (again, this difference is allowed because
the two valleys at X; and X, are not connected by any crystal symmetries). The angle «, which we

call the "mixing angle", is also an intrinsic parameter of the model and is related to the spin-orbit

coupling of the system. While o does not affect the dispersion of the bands in the absence of a gap,
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it plays a central role in determining the magnitude of the gap that appears when the time-reversal
symmetry is broken, and a gap opens up.

The M, symmetry allows us to decompose the 4 x 4 Hamiltonian into two 2x2 blocks representing
the M, even sector (eigenvalue +1) and odd sector (eigenvalue -1). Since the eigenvalues are the
same in the two sectors, for convenience, we choose to work within the even sector, corresponding
too, =1, 7, =1and o, = —1, 7, = —1. Choosing a convenient basis as described in Ref. [38]) o

becomes o, 0, becomes o, and oy becomes o,. The reduced Hamiltonian is written as
Hy _ = pvkg(ozcosa +oysina) +vkyo,, (4.2)

whose eigenvalues are
E = +vy/p?kZ + k2 (4.3)

Notice that we could reduce the whole Hamiltonian to 2x2 form only because the system has the
glide mirror symmetry M,.

A magnetic exchange potential coupling to the out-of-plane spin can arise from a magnetic
proximity effect and takes the form of a Zeeman term Ba 0,7y in the Hamiltonian, where B, is
the effective out-of-plane field arising from the exchange coupling. The glide mirror symmetry is
preserved in the presence of this term. We can, therefore, still use the reduced Hamiltonian Eq. (4.2)
under the glide mirror symmetry operator. To this end, we decouple this term for even and odd
sectors (the same as we do for the Hamiltonian). We note that By 9o, can be reduced to Byo,
in the even sector and —Baqo, in the odd sector. Continuing to work in the even sector with the

modified basis and also with the term added, we find

Hy = (pvkgcosa+ By)on + pukgsinaoy, + vkyo., (4.4)

whose eigenvalues are

B ? B3, .
E = :I:v\/<pkx + TM oS a> + k2 + T/;/t sin? . (4.5)

The main qualitative effect of the exchange potential is the appearance of a gap in the excitation

spectrum. We find the band gap using Eq. (4.5) as:

A =2min|E| = 2By sina, (4.6)
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Figure 4.2: (a) The band dispersion of a-Bi near the X1 Dirac point.(b) This figure shows that only
intra-valley transitions are possible as the two valleys hold opposite eigenvalues for M, when there is a gap
present in the system.

In practice, this gap is expected to be on the order of a few meV [41, 55, 56, 57, 58, 59, 60]. As
anticipated, Eq. (4.6) offers a direct way to determine the mixing angle of our model from optical

absorption experiments. The eigenfunctions for this Hamiltonian are

cosg e ™ sing e ™
[Yex) = s hek) = ) (4.7)
sin g — cos g
with
B2 . 92
k, si \/pkx—l—%ﬂcosc)zQ—{——vMsma
tany = Pz SO ; tand = ( ) - (4.8)

pk cos a + é{}‘—’L ky ’
which clearly depends on the effective Zeeman field Byg. To proceed with the study of optical
properties, we need the current operators J, and jy, which are obtained by taking the derivative of
oH

our Hamiltonian (Eq. (4.4)) with respect to k, and k, respectively, i.e., j = 5 with components

Jz = pv(cosao, +sinaoy) , j, =v0,. (4.9)

These operators commute with the glide mirror operation Mz, which makes the transitions preserve
the parity of M,. Fig. 4.2(b) shows that the two valleys have opposite parity under the glide mirror

symmetry; hence, inter-valley transitions are not allowed.

4.3 The transmission/reflection matrix

To treat effects like Faraday (Kerr) rotation for a single atomic layer, we need to compute the 2 x 2

matrices that connect the polarization state of the incoming light (a 2-dimensional complex vector in
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the plane perpendicular to the direction of propagation of the light) to the polarization states of
the transmitted and reflected light. (We assume here for simplicity that the incident, transmitted,
and reflected light all travel along the z-axis perpendicular to the layer). In the standard treatment,
these matrices are obtained by matching the electric fields on opposite sides of the layer, taking
into account the two-dimensional electronic current that flows in the layer under the action of the
electric field, causing the magnetic field to change discontinuously across the layer. In what follows,
we will assume that the layer is much thinner than the wavelength of the light so that the thickness
of the layer can be neglected, and positions immediately before and after the layer will be labeled by
2z =07 and z = 0T, respectively.

We work in the gauge where the scalar potential and the z component of the vector potential
of the incoming electromagnetic wave vanish. The transverse components of the vector potential

A = (A;, A,) satisty the Maxwell equation (in Gaussian units)

w?

~OA) ~ () = 4?711(2), (4.10)

where w is the wave’s frequency and J(z) is the three-dimensional current density, concentrated in

an infinitesimal region around z = 0. We define the two-dimensional current density in the layer as

j= /dzJ(z), (4.11)

where the integral over z, while formally extending to infinity, converges within a small vanishing
region corresponding to the thickness of the layer. The two-dimensional current density j is related

to the electric field by the frequency-dependent electrical conductivity tensor o (w):
j=ow)-E. (4.12)

The electric and magnetic field are given respectively by E = %“’A and H =z x A’ where A’ is the

derivative of A with respect to z.

Integrating Eq. (4.10) over z from z = —e to z = +¢, with € tending to zero we obtain:
/ /€ 47T .
0A'=-A'l.=—j=0c"E. (4.13)
c

This tells us that H “jumps" across the layer. At the same time, the vector potential itself (and
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hence the electric field) is continuous across the layer, i.e.,
0A =A(e) —A(—€) =0. (4.14)
We seek a solution to the form

e e + R-ege ™ <0
A(z) (4.15)

T - e;jet** z2>0

where e; is a two-dimensional complex vector describing the state of polarization of the incident
polarization of the incoming wave in the (x,y) plane, R and T are the reflection, and the transmission
matrices — 2 X 2 complex matrices acting on the polarization. Imposing the boundary conditions (4.13)
and (4.14) we find

T=(1+ao) ", (4.16)

R=T-1=ac (1+a0c)", (4.17)

where we have defined a = 27” As previously mentioned, the transmission matrix (T), acting on the

incoming polarization vector (e;), gives the polarization of the transmitted light e; and similarly, the

reflection matrix (R) gives the polarization of the reflected light e,..
e,=T-e; e,.=R-¢; (4.18)

Now that we have established the relation between the transmission/reflection matrices and the

conductivity tensor, we will calculate the latter.

4.4 Calculation of the conductivity tensor

In this section, we calculate the conductivity tensor using linear response theory, as described in

Ref. ([63]). The conductivity tensor for our model system is given by

ie?
Oap(w) = ijajﬂ (w), (4.19)
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where x;,;, is the current-current response function

_ <¢ck|§a|w1)k><¢11k|j[3|wck> <wck|jl3|¢vk><¢1/k|ja|wck>
Xjais (W) = Z { W — wey (k) +in a W+ wep (k) + 47 } ’ (4.20)

k

where 9., and 1,k are the Bloch states of the conduction and valence band, respectively, and we, (k)
is the difference of their energies. 7 is an infinitesimal positive real number. The operators Jo are
defined in Eq. (4.9). We notice that the “diamagnetic” contribution to the conductivity [63] is absent
because our model Hamiltonian is linear in k.

In the next two subsections, we treat this tensor’s off-diagonal and diagonal components separately.

4.4.1 Off-diagonal component of the conductivity tensor (o)

We calculate the off-diagonal component of the conductivity tensor first. We separately consider
the imaginary and the real parts of the response function x;,;,. For the imaginary part, we find (in

the limit n — 0)

2w B sina
"o =2 4.21
o =20 2 a0 B 2

where the integral over k is done according to the Cauchy principal value prescription. This is
different from zero both below (Jw| < A) and above the gap (|w| > A). For the real part of x;,;, we
find

G = 2?5 B 5 0+ 0+ 0] (a2

which differs from zero only above the gap, i.e., for |w| > A. In writing these expressions, we have
included a factor 2 arising from the double degeneracy of the energy eigenvalues associated with
glide-mirror parities M, = 1 and M, = —1 (see discussion before Eq. (4.4)). Then, making use of
Eq. (4.19) we obtain the real part of the off-diagonal conductivity

o

ey(W) = Tomhw log

, e A A —
A+w

w‘ (Here reinstating the & to match dimension) . (4.23)

This expression shows that the Hall conductivity has logarithmic divergence when w approaches the

gap frequency A. Similarly, the imaginary part of the off-diagonal conductivity is given by

2
1 €
Aol — A 4.24

Ty
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Figure 4.3: (a) Plots of oy, and o4, vs w. Both exhibit a logarithmic singularity at the absorption edge

w=A (A=2Bypsina =1 in this plot); however, the divergence in U;y has a stronger prefactor. Notice that

oy has a finite value (2%) at zero frequency, whereas oy, vanishes. (b) Plots of oy, and o4, vs w. These

functions vanish for frequencies below the gap. The red dashed line marks the absorption edge.

where ©(x) is the Heaviside step function ©(x) =1 for > 0 and O(z) = 0 for z < 0. Notice that
0y vanishes for Bys = 0, leaving the system with only diagonal components of the conductivity in

the absence of By.

4.4.2 Diagonal components of the conductivity tensor (o,,,0,,)

Following the same procedures as in the previous section, we obtain the following formulas for

the real and imaginary parts of the diagonal response functions x;,;, and x;,j,:

. 9 . 92 ’
2wey (k) (kz sin ¢(l;j)22;)83\/1 sin a); X;yjy (W) = thpg(w) . (4.25)

k2 sin? (k) + B2, sin® o
) = =20 Y 6 = () e+ ()] (BT (1)
k
where ¢(k) = arctan <k+§kI’M> and x7 ;=X ;. /p°. Using Eq. (4.19), we can conclude that
pka 25 cosa vJy zJT
the imaginary and real parts of the conductivity are given by
0_// (LU) _ L€2 é + (A2 +w2) lo A-w . " (OJ) _ a;/v/x(w) (4 27)
T Anh | w 202 SlAtwl| P Tw T p? '
and
’ p62 A? ’ Oz (W)
xm( ) = ﬁ + 2 ®(|w‘ - A)? Jyy(w) = p2 . (428)
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The anisotropy parameter p is the ratio between the velocities in the  and y-directions and reduces

to 1 in the isotropic case.

4.5 Calculation of the Faraday and Kerr rotation angles

From Eq. (4.16) we see that the transmission matrix is given by

1 1+ ao —ao0,
T= " Y, (4.29)
—a0y; 1+ aog,
where 0,y = —0y, and
N = (1 + a0.)(1 +acyy) + (aosy)? (4.30)

On the other hand, from Eq. (4.17), we find that the components of the reflection matrix are given by

R = - , (4.31)

From these formulas, we now proceed to extract the Faraday and Kerr rotation angles.

4.5.1 Isotropic system

For the isotropic system we have o,, = o,y (p = 1) which leads to Ty, = T),,. In this case, it is
easy to see that the states of circular polarization are eigenstates of the transmission and reflection
matrix, meaning that these states of polarization are not changed upon transmission or reflection
but suffer a phase shift.

The Faraday and Kerr rotation angles are defined as half of the difference between the phase
shifts of the left circular polarized (LCP) wave and the right circular polarized (RCP) waves in the

transmitted and reflected wave, respectively [49, 50, 64]:

1 E? 1 EY
O = =Arg { LCP} ; g = —Arg [ fcp} . (4.32)
2 Egcp 2 Egcp

The x and y components of the electric field are related to the LCP and RCP components as follows:

S N (4.33)

Ercp
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Substituting this in the equations that relate the transmitted and reflected fields to the incident

field', namely,

E! T, - (Er R ,
=" ES | = TN E. (4.34)

we easily find

1 Tow + 1T, 1 14 aoy, + tao
O — A TT ry | _ ZA T zy 4.35
F=3 [Tm isz] 9" [1 ¥ aus iaomy} (4:35)
and
O = Lo [ B+ Z:Rmy R ww 1+ a(ou + z:amy) ' (4.36)
2 Ry — iRy 2 Ozz + 102y 1 + a(0gz — i04y)

At zero frequency, the Hall conductivity has a nonzero value (04,(0) = 2%), but the longitudinal

one is zero. This results in a nonzero Faraday rotation angle at zero frequency:

1 1 —iacy,(0)] 1 1— 2iagp
0p(0) = —Arg |——— 1 = “Arg | —=—F | = 2ap, 4.37

r(0) = 34rg [1+maw(0)] 2" L—l—%ap ar (4.37)
where ap = %i is the fine structure constant. Plotting the Faraday angle as a function of frequency,
we see that, similar to the conductivities, it has a sharp rise at the absorption edge. Still, instead of

diverging, it reaches a maximum theoretical value 7. More precisely, when we choose the frequency

very near to the absorption edge, we find that

1 —1 1 —1
Op(w~A)~ -Arg [aayyzaagjy} ~ iArg [zaaw] = g7 (4.38)

2 a0 yy + 1G0 5y +1a0 4y

where the second approximate equality follows from the fact that the logarithmic divergence of o,y (w)
for w — A has a larger prefactor compared to the logarithmic divergence of 0., (w). The range of
frequencies around w = A in which the Faraday angle would be close to the theoretical limit 7§ is
exponentially small (~ e 1/ar ) and unobservable in practice. Nevertheless, an order of magnitude
increase in @ is visible in Fig. 4.4(b). While the peak value of 6 is a far cry from 7 /2, it is still
more significant than any value previously measured near the absorption edge for two-dimensional
systems [64, 65].

A similar analysis can be done for the Kerr rotation angle. From Eq. (4.36), we see that in the
low-frequency regime, the Kerr rotation angle is 0 ~ 5. This large value describes that left and
right circularly polarized waves are reflected with amplitudes of opposite signs, corresponding to

a phase difference of 7. In Fig. 4.4(c), it can be seen that this value remains constant below the

1Considering we have the incident wave linearly polarized along the z-direction.
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Figure 4.4: (a) Plot of transmittance and transmittance+reflectance vs frequency in units of A = 10" Hz.
Notice that transmittance and reflectance add to 1 below the absorption edge, marked by the vertical red
dashed line. The value of the reflectance can be inferred from the small difference between these two plots.
Above the absorption edge, the sum T + R is less than 1 due to the optical absorption. (b) Faraday rotation
angle vs frequency. The orange line is for the isotropic case (p =1.0), and the blue line is for the anisotropic
case (p =0.1) calculated as described in Section VB. I Notice that the same zero-frequency value (ap) is
independent of the anisotropy parameter p. The enhancement of the Faraday rotation angle at the absorption
threshold is much larger in the anisotropic case. (¢) Kerr rotation angle vs frequency. The orange and blue
lines are for p =1 and p = 0.1, respectively. (d) The effect of disorder broadening (6 = 1/7) on the Faraday
rotation angle, calculated by the procedure described in Section VI.

absorption edge, but it reverses its sign as the frequency crosses the absorption edge.

As a final point, in Fig. 4.4(a) we plot the transmittance T and the reflectance R defined as
follows[64]:
1

<|TLCP|2 + |TRCP|2) ;7 R= (|RLCP|2 + \RRCP|2> . (4.39)

1
T = —
2

T2
Below the absorption edge, we verify that we have T 4+ R = 1, in accordance with the fact that there
is no absorption of energy in this frequency range. Above the absorption edge, on the other hand,
we find T 4+ R < 1, where the difference refers to the existence of absorption above the gap. In our
recent study (Ref. [38]), we have shown when there is a gap present in this system, it will give rise to

significant absorption above the gap, and this is just another confirmation of the same.

4.5.2 Anisotropic system

The calculation of the Faraday angle for an anisotropic system presents us with some basic

difficulties. The right and left circularly polarized states are no longer eigenstates of the transmission
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and reflection matrix: rather, an incident LCP wave will acquire an RCP component upon trans-
mission/reflection, and similarly, an incident RCP wave will acquire an LCP component. If, on the
other hand, we start with a linearly polarized incident wave, then the transmitted /reflected waves
will not be in a state of linear polarization, having acquired elliptic components. It is still possible to
define a rotation angle, as discussed in Appendix A. Still, this rotation angle will then depend on the
orientation of the incident linear polarization with respect to the crystallographic axes.

In this section, we adopt a practical definition of the Faraday and Kerr rotation angles, which
avoids these difficulties and yields values independent of the state of polarization of the incident wave.
The idea is to generalize the definition we used in the isotropic case and define the magneto-optical
rotation angles as half the difference of the phase shifts associated with the exact eigenstates of the
transmission and reflection matrices.

To do this, we will diagonalize the transmission matrix first. In the chiral basis ? this matrix has

the following structure

T=U". U= (4.40)

where

. AT =t W (4.41)

Its eigenvalues can be written as

Te =T +i\/T2, — AT?; (4.42)

Similarly, the eigenvalues of the reflection matrix are given by

R = R+iy/R2, — AR?; (4.43)

In terms of Ty and T_, the Faraday rotation angle is expressed as

T, 1 T+z’,/T§y—AT2
Arg |—| = §Arg 7 \/m , (4.44)
— i\ /T2, —

T
. . . . . 1 1
2The chiral basis states are related to the x — y basis states by the unitary transformation U L ( . ),

1
9FE§

V2 i =1
1 —i . . . . . o
Ut =1 Z.Z ) We then have © = UTv where v is the representative of a state in the 2 — y basis and @ is the

V2 1

representative of the same state in the chiral basis.
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In terms of the conductivities, this becomes

1 2+ ade. (p+p) +w\/40 — 52, (p—p1)?
Op = §A7‘g , (4.45)
24 adz, (p+ p~t —za\/4o —52 (p—p1)?
where 7., = Z2=. The corresponding expression for the Kerr rotation angle is
1 a5 (p+p77) +w\/4<f — 52, (p—p1)°
Ok = §A7’g (4.46)
aGzy (p+pt —m\/40 —52, (p—p1)°

where we have omitted a negligible second order term 2a? (&m6yy + 5§y).

In Fig. 4.4(b) and (c), we compare the Faraday and Kerr rotation angles calculated for the
isotropic case (p = 1, orange line) and the strongly anisotropic case (p = 0.1, blue line). The two plots
are qualitatively similar, and their low-frequency limits do not depend on the anisotropy parameter
p. However, the anisotropy results in a sharper enhancement of the Faraday rotation angle at the
absorption edge, whereas the Kerr rotation angle is reduced.

A more complete discussion of the Faraday and Kerr rotation angles in an anisotropic system is

provided in Appendix B.1.

4.6 Disorder broadening

Our calculations thus far have been done with the assumption that momentum is strictly conserved,
i.e., there is no impurity scattering. A simple, although nonrigorous way, to take into account the
effect of a finite momentum relaxation time 7 is to replace the infinitesimal 7 in Eq. (4.20) by the
finite quantity § = 1/7. This is expected to be qualitatively correct as long as ¢ remains much smaller
than the gap A. With this modification, the conductivity is calculated straightforwardly and works

out to be

e A w —A

g y(w) 4d7h w 06 w + A ( )
: 02 2 2 /
ipe (W 4+ A) w' —A
g = A 1 4.4
T () 8mhw + 2w’ 8 W+ A (4.48)

where w’ = w + 46 and log is understood to denote the complex logarithm. From the expression of
the conductivities above, we can see that the logarithmic divergence is not present anymore. Instead,

we have a function that has a finite peak at the absorption edge. The Faraday rotation angle is still
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given by Eq. (4.35), and it is plotted in Fig. 4.4(d). We see that with increasing disorder, the curve
is broadened, and the peak value is decreased. A significant enhancement of 6 can still be observed

if the system is sufficiently pure.

4.7 Conclusion

We have performed a detailed theoretical analysis of the Faraday and Kerr rotation for a generic
model of gapped nonsymmorphic 2D semimetals. Both the gap and the required breaking of time-
reversal symmetry are caused by a Zeeman term coupling with the out-of-plane component of the spin.
The Zeeman coupling could be generated by a real magnetic field, but such a field would also couple
to the orbital motion of the electrons in the plane. This is not the case for our model as it depends on
the exchange interaction with a magnetic dopant or proximal magnetization — the so-called proximity
effect. This gives rise to an "effective Zeeman coupling," which, being of Coulombic origin, does not
have the drawback of coupling to the orbital motion of the electrons in the same way that a real
magnetic field does [50, 58].

First, we matched Maxwell’s equation for either side of the 2D layer to express the transmission
and reflection matrices in terms of the conductivity matrix of the layer. We calculated the frequency-
dependent conductivity and finally computed the Faraday and Kerr rotation angles. We also observed
the appearance of an elliptic component of the polarization, which inevitably accompanies the Faraday
or the Kerr rotation when linearly polarized light is transmitted or reflected by the layer.

The Faraday rotation angle has a sharp peak at the absorption edge, which results in order of
magnitude enhancement relative to its zero-frequency value. We also find a giant Kerr rotation
(= 7/2) in the low-frequency region which abruptly changes signs just above the absorption edge.
The anisotropy of the system, parameterized by p < 1, does not change these qualitative features
but leads to an even sharper enhancement of the Faraday rotation angle at the absorption edge. We
also calculated the effect of a finite momentum relaxation time on the Faraday rotation angle due to
disorder. Not surprisingly, the peak becomes broader and weaker with increasing disorder.

We propose that the dependence of the polarization rotation and the ellipticity on the incident
angle, as shown, and the variation of their magnitudes with changing frequency, can be used to study
the optical properties of nonsymmorphic 2D Dirac semimetals experimentally in the presence of
a gap-inducing effective Zeeman field. The giant peak value in Faraday and Kerr rotation angles
enabled by the band anisotropy and the field suggests that these materials can be useful platforms

for optoelectronic and magnetoelectronic device applications.
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Chapter 5

INSULATOR-METAL TRANSITION AND MAGNETIC
CROSSOVER IN BILAYER GRAPHENE

5.1 Introduction.

The effects of perpendicular magnetic fields on the electronic properties of monolayer graphene have
been studied in a variety of contexts over the years. Landau levels|[66], integer [67] and fractional|6§]
quantum Hall effects were demonstrated experimentally within several years of graphene discovery[2].
Very recently, a giant magnetoresistance of Dirac electrons in high-mobility graphene has been
discovered [69]. In addition, it has been shown that the orbital magnetic response of graphene can
be controlled by modifying the number of charge carriers via gating. Perfect diamagnetism at the
charge neutrality point [70] is superseded by paramagnetism as the Fermi level approaches a van
Hove singularity in the density of states [71] making it possible to switch the monolayer between
diamagnetic and paramagnetic regimes|[72]. All of these effects have been experimentally observed
[73] and thoroughly investigated theoretically [74, 75, 76].

In recent years, bilayer and multilayer graphene have garnered significant attention following the
discovery of flat bands in twisted bilayer graphene that host superconductivity [77]. These structures
are also remarkable for their orbital magnetic properties [74, 78|. A key feature of multilayer structures
is their sensitivity to in-plane magnetic fields, which are coupled to the in-plane component of the
orbital magnetic moment due to the looping motion of the electron between layers [79, 80, 81, 82, 83|.
In a bilayer system, for instance, the vector potential associated with the in-plane magnetic field
can have opposite signs in the two layers, while remaining constant in each layer. This causes the
band structures of the layers (before turning on interlayer coupling) to shift in opposite directions

in momentum space, leading to non-trivial modifications of the band structure when interlayer
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Figure 5.1: Bernal-stacked graphene bilayer. In this stacking configuration, the coupling is between the
Bi — Ap. The three hopping directions are marked as 6 with their usual definition. Electronic spectrum for
AB stacking BLG, along the k-space trajectory ' — K — M —T'. We sett; = 0.3eV.

coupling is considered. This effect was experimentally demonstrated a few years ago in twisted bilayer
graphene, where an in-plane magnetic field was used to alter the separation of nearby Dirac cones[84].

However, despite this pioneering work, the potential of in-plane magnetic fields as a tool for
band-structure manipulation remains largely unexplored. In particular, no attention has been paid
to the possibilities opened by the interplay between an in-plane magnetic field and an electric field
perpendicular to the layer, the latter being commonly used as a tool to change the band gap [85, 86].

This paper aims to describe some of these possibilities. We focus, for clarity, on the simplest
model of a non-twisted, Bernal-stacked graphene bilayer [12, 87, 88, 89] and show that it can be
driven through a transition from a gapped insulator to a compensated semimetal by the application of
a very strong in-plane magnetic field combined with a vertical displacement field. This phenomenon
is just an example of the kind of control that can be exerted on the properties of bilayer graphene by
means of crossed magnetic and electric fields: the magnetic field controls the k-space separation of
the Dirac cones arising from each layer, while the electric field controls their displacement along the
energy axis.

Second, we show that an even richer scenario emerges when we consider the orbital magnetic
response to an in-plane magnetic field as a function of doping and electric bias. We find that
the in-plane orbital magnetic susceptibility (OMS) switches from diamagnetic to paramagnetic
concomitantly with the field-induced IM transition at half-filling. Moving away from half-filling
we find that the in-plane magnetic response can be switched from diamagnetic to paramagnetic by
adjusting the displacement field and the position of the chemical potential within the bands. We also
demonstrate a clear correlation between the amplitude of the fluctuations of the in-plane magnetic

moment and the magnitude of the paramagnetic response Appendix C.3.
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Taken together, our findings reveal an unexpected and hitherto unnoticed interplay between
electronic transport and in-plane magnetism in layered electronic systems. Crucially, this interplay
can be controlled by modest displacement fields on the order of 100 meV, even though the value of
the in-plane magnetic field required to achieve sizeable effects — while formally proportional to the
interlayer coupling — is unrealistically high (~ 1000 T for bilayer graphene). To remedy this, we
propose several strategies for applying the controlling fields to artificially strained and/or twisted
multilayer structures. These structures are indeed considered most promising for band structure
engineering, which targets desired physical properties. With Brillouin zones up to 100 times smaller
than the “natural" ones, these artificial structures should exhibit the predicted effects at much smaller

values of the in-plane field — as low as 10 T.

5.2 Model

Monolayer graphene features a honeycomb arrangement of carbon atoms, which can be interpreted
as a triangular Bravais lattice containing two atoms within each primitive unit cell. The basis vectors

for this lattice are defined as
a a
ay = 5(37\/§)7 ag = 5(37_\/5)7 (51)

where the parameter a ~ 1.42 A denotes the interatomic distance between neighboring carbon atoms.

The associated vectors in reciprocal space are

by = %(1,\/5), by = :2))—2(1,—\/?’,). (5.2)

Central to understanding graphene’s electronic behavior are the momentum-space locations known
as the K and K’ points, situated at the vertices of the Brillouin zone. These are referred to as Dirac

points, with their specific coordinates given by

2 2T

- (am) - Gam) o

The Bernal-stacked graphene bilayer is described by a tight-binding Hamiltonian with nearest-
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neighbor intra- and interlayer hopping [87]

Vv Yo f (k) 0 0
;
H — Yof" (ki) 4 M 0 (5.4)
0 M -V Yof (kp)
0 0 ’Y()fT (kb) —V

The four basis states are Ay, By, Ay, and By, with A and B denoting the sublattice and t/b subscripts
identifying the top and bottom layers. The hopping energy between By and Ay, is y; = 0.3eV, while the

3 ik-8,

hopping term between the nearest neighbors within a layer is 7o = —2.8eV [12]. f(k)=>"" ;e ,

where §; = a(—1,v/3)/2, 62 = a(—1,—+/3)/2, and &3 = a(1,0) are the vectors connecting atoms A
to their nearest neighbors within a layer. The function f(k) describing nearest neighbour hopping,

with the information of the hopping directions is given by

fk) = etr=a 4 Qe_ik’“mcos(\/gkya/Q) (5.5)

The diagonal terms +V originate from an external electric field applied perpendicular to the bilayer
(the displacement field). Finally, the constant vector potential is incorporated into the Hamiltonian

by using the Peierls substitution k — k &+ eA /A, so that we have
k¢/ba = ka £ 7®(sin 6, — cos ,0), (5.6)

where [ is the interlayer separation and ® = Bal/®q is the magnetic flux through a rectangle
defined by an intra-plane bond and an inter-plane segment in units of the magnetic flux quantum
Dy =h/e~4.14 x 10° T.A2. Here 6 = /2 corresponds to a vector potential parallel to the x-axis
(zig-zag direction) and a magnetic field parallel to the y-axis (armchair direction). We can easily show
(see Appendix C.1) that the eigenvalues of Hy change sign under reversal of k — other parameters
remain unchanged. This implies that the system at half-filling can either be an insulator — if there
are no zero eigenvalues — or a compensated semimetal with equal densities of electrons and holes in

pockets below and above the Fermi level.
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Figure 5.2: Top row: Schematic illustration of the evolution of the bilayer band structure as a function of ®
at finite V. The two colors correspond to the unperturbed Dirac cones from the two layers. The dashed lines
show the level of repulsion due to inter-layer coupling. The IM transition occurs when the upper anticrossing
level on the right and lower one on the left move respectively below and above the chemical potential at
half-filling. Bottom row: Numerically computed bands close to the K point (27r/\/§7 27r/3) with V. =12
demonstrating the insulator-metal transition at ®. = |y1/37y0| = 0.011. The direction of the field for all plots
is @ = /2. The color of the bands shows the distribution of the states over the layers, as defined in the text.

5.3 Insulator-metal transition

We now show that an IM transition (or, more precisely, a transition from insulator to compensated
semimetal) must necessarily occur at a critical value of ® at half-filling. The top panel of Fig. 5.2
shows schematically the band structures of the two non-interacting monolayers (green and orange
cones for top and bottom, respectively) in the vicinity of a Dirac point. The two cones are displaced
vertically along the energy axis by the potential V' and horizontally along the momentum axis by
the in-plane field ®. Importantly, the crossing between levels belonging to different layers moves
above and below the chemical potential by an amount 2rv® where v = 3|vyy|/2 is the velocity of
the Dirac fermions with lengths given in terms of the carbon bond length a. With the interlayer
coupling switched on, one of the crossing levels is pushed up by ~; while the same amount pushes
down the other. The system remains an insulator (possibly a zero-gap insulator in the special

case V =0) as long as y1 < 37|v|® and switches to compensated semimetal when this inequality is
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violated. This simple argument allows us to pinpoint the transition at

Al
= 5.7
37|70 (5.7)

in perfect agreement with more accurate analytical treatment, as shown in Appendix C.2. Notice
that ®. does not depend on the direction of the in-plane field.

In addition to providing a schematic illustration, we calculate the bands close to the K point and
show how they change with ®. ! Comparing the results at the bottom of Fig. 5.2 to the schematics
in the top row, we observe a good qualitative agreement between the two. For the parameter values
given following Eq. (5.4), ®. = 0.011. Indeed one can see that, for & < @, the numerical calculations
result in a gapped bandstructure, while & > ®, yields a compensated semimetal.

We pause here to comment on the peculiar nature of the semi-metallic state emerging from
the IM transition. Due to the simultaneous presence of two types of carriers at the Fermi level its
transport properties are expected to be strongly affected by electron-hole scattering resulting in
reduced electrical conductivity and enhanced thermal conductivity [93, 94]. The system is also a
good candidate for observing the elusive two-fluid hydrodynamics [95, 96].

Although the critical magnetic field is formally proportional to the interlayer coupling v; — and
thus can be exponentially reduced by increasing the spacing between the layers — its numerical value
is still very large. With commonly accepted values of a and [ we find B, = |y1 /37| ®o/al = 1000 T.
In the concluding section, we will discuss several effects that could bring this large value down to a

more accessible range.

5.4 Magnetic Response

The magnetic field enters the Hamiltonian in Eq. (5.4) in the form of a flux; it is convenient to

write

_ 142 al1d0

“VdB 3,V dd’

_ o0 (al\T o

X_VdB2_<<I>0 VY de?’ (5:8)

LAll computations in this paper are performed using suria [90]. The plots are made with Makie.jl package [91]
using the color scheme designed for colorblind readers [92]. The scripts used for computing and plotting can be found
at Bilayer graphene in crossed field setup
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where p is the magnetic constant, V is the area of the system, d®/dB = al/®q and Q is the

Helmholtz free energy given by

2,0,V u,T) = -TY In {1+e*w} : (5.9)

k,n
Here, E,,(k, ®,0,V) is the energy of the nth eigenstate at wave vector k, temperature 7', and chemical
potential p. To compute x, we first set & — & + § and Taylor-expand the Hamiltonian to the second
order in § which yields Hy ~ Hox + 0H{ , + 50> H{\., where Hy is the Hamiltonian at § = 0, H}, ,
and H{J’ K are its first and second derivatives also evaluated at 6 = 0. Using perturbation theory, we

expand the eigenvalues F,, to second order in ¢

En(k) ~ (k,n|Hox|k,n) + 6(k,n|Hj |k, n) + 6°(k,n|H{ |k, n)/2

[(k n|H' [k, m)[?
2 0,k
1
+6 Z  Fon()— Bor(9) (5.10)

where |k, n) are eigenvectors of Hyx and EQ(k) are the corresponding eigenvalues. We insert this
expression into the logarithm of Eq. (5.9) and expand again to second order in § to extract the

magnetization and the susceptibility:
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where np is the Fermi distribution function and n’z its derivative with respect to energy. The sum over
momenta in the first Brillouin zone is converted into an integral V=' >, — (27a)~ fo dky fo
Numerically calculated x as a function of ® at p = 0 is shown in Fig. 5.3 for several values of
V. The most important feature exhibited by the plots is the sharp transition from diamagnetic
to paramagnetic behavior at the point of IM transition. It is possible to understand the origins of
this behavior by considering individual terms in Eq. (5.11) for T'— 0. The first term is negative,
i.e., diamagnetic, and has a very weak dependence over the chemical potential. The second and
third terms are both positive and therefore paramagnetic. Specifically, the second term describes

inter-band paramagnetism [97] and the final term is a Fermi contour contribution that arises from
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Figure 5.8: Plot of the orbital magnetic susceptibility (OMS) vs in-plane magnetic flur ® at u = 0. The
calculation is done at T = 12K. Initially diamagnetic in the insulating phase, the susceptibility rapidly
becomes paramagnetic at the critical field. The size of the jump in the OMS increases with increasing voltage
V' between the layers and vanishes for V.— 0.

the direct coupling of the in-plane magnetic field with the fluctuating orbital moment (Appendix
C.3): this term vanishes when the system is an insulator.

Clearly, the diamagnetic contribution dominates in the insulating phase. The sharp switch to
paramagnetism that accompanies the IM transition results from the irruption of the Fermi surface
term. The subsequent decrease of x with a further increase in ® suggests that the magnitude of the
paramagnetic response strongly depends on the nature of the contributing states at the Fermi level.
A closer look at the bottom row of Fig. 5.2 with ® = 0 reveals that when the Fermi level is close to
the band edge the contributing states are essentially delocalized, i.e., evenly distributed over the two
layers. This implies large inter-layer fluctuations, which in turn are related to large fluctuations of the
in-plane component of the orbital moment (see Appendix C.3): hence the large susceptibility “jump”
at the IM transition. However, for a displacement field of V' = 1 /2; increasing ® past ®. results in
more localized states at the Fermi level, as can be seen in Fig. 5.2 for ® = 0.02, reducing the orbital
moment fluctuation and hence the weak paramagnetic response. Finally, one can see that if V is
not sufficiently large (check Appendix C.3 for large displacement field: V' > ~1/2), that is to say, if
the initial insulator at ® = 0 is not sufficiently strong, the IM transition does not produce sufficient
contrast between the two phases and the diamagnetic to paramagnetic crossover is eventually lost.

Finally, we address the role of chemical potential in magnetic susceptibility by plotting x as a
function of u for several values of ® and V in Fig. 5.4. Additional gating and/or intentional doping
can change the chemical potential. At zero magnetic field (panel (a)) the susceptibility is always

negative (i.e., diamagnetic) at p = 0, in agreement with Fig. 5.3. As p touches the band edge, x
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Figure 5.4: Orbital magnetic susceptibility x (in units of o = po(1/27®0)?) as a function of u for different
values of V and ® with 0 = w/2. The calculations are performed at a finite temperature T = 300K .

changes sign and becomes paramagnetic as the Fermi contour contribution becomes dominant, due
to the presence of delocalized states at the Fermi level. Further increase of u reduces the magnitude
of x, as the states at the Fermi level become more localized on one or the other layer.

At the critical magnetic field (Fig.5.4(b)), the zero-u x is strongly pushed in the positive direction,
in agreement with Fig. 5.3. This "push" results from the combined effect of delocalized states and
the band edges, but it is not yet sufficient to create a paramagnetic response. The "push" diminishes
as p moves away from the charge neutrality point and states at the Fermi contour become more
localized. Further increasing p introduces another paramagnetic spike in x when p touches the edge
of the higher conduction or lower valence bands.

Fig.5.4(c) shows the behavior of the susceptibility in the metallic state. The remarkable feature is

that paramagnetism now occurs even at the charge neutrality point. We interpret this as the result
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of increasing delocalization of states at the Fermi level, which generates larger fluctuations of the

in-plane moment (details in Appendix C.3).

5.5 Observability and Conclusion

We have explored the possibility of altering the band structure, the transport, and the magnetic
properties of stacked 2D materials by an in-plane magnetic field acting in conjunction with a vertical
displacement field. While our calculations for bilayer graphene employ impractically high magnetic
fields, we see considerable potential for reducing the required field through material engineering
techniques.

First of all, we notice that electron-electron interactions [98, 99| are predicted to enhance the
slope of the single-layer cones by a potentially large numerical factor (logarithmically divergent in
theory at the charge neutrality point). While current experiments might be too disordered to observe
this effect, it should be present in cleaner samples. This effect can considerably decrease the critical
value of ®.

Second, applying a tensile P-strain pulling the layers apart [100] can exponentially reduce the
inter-layer coupling parameter. The strained inter-layer coupling strength is v = y1€75:56*<  where
€p = (L — Lo)/Lo quantifies the uniaxial strain, L and Ly are, respectively, the deformed and
undeformed inter-layer distances of the bilayer. According to this equation v; will be reduced by a
factor 3 when the strain is around 20%, and the critical field for the IM transition will be lowered to
270 T (without aid from the many-body effect mentioned above).

Smaller critical fields can also be achieved by turning to artificial graphene structures [101, 102,
103, 104, 105] where the lattice constant is much larger and, accordingly, the band structure can
be modified by relatively small magnetic fields. A particularly intriguing case is that of twisted
multilayer graphene systems, such as twisted bilayer graphene [106] and twisted double-bilayer
graphene [107]. Where shifting the Dirac cones could require an in-plane magnetic field on the order
of 10T due to the Moire Brillouin zone.? The possibility of tuning the Dirac cones—bringing them
together or pushing them apart—has already been experimentally demonstrated in twisted bilayer
graphene [84]. Generalizing this behavior to twisted multilayer systems could enable the induction of

a metal-insulator transition at significantly lower magnetic fields.

2In these systems, a mini (or Moiré¢) Brillouin zone emerges, and the distance between the nearest Dirac cones is
reduced to approximately one-hundredth of its original value for small twist angles. This reduction leads to a critical
magnetic field of approximately 10 T. Our work outlines a fundamental mechanism for the IM transition in crossed
fields within the simplest possible model. Although more complex systems, such as twisted multilayer graphene, are
beyond the scope of this paper, they offer a promising direction for future research.
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Chapter 6

TRIGONAL WARPING ENABLED LOW-FIELD
METAL-INSULATOR TRANSITION IN AB-STACKED
BILAYER GRAPHENE

6.1 Introduction

Bilayer and multilayer graphene systems, however, offer even richer tunability. Their interlayer
coupling and stacking geometry enable mechanical, electrical, and magnetic control over band
topology. For instance, twisted bilayer graphene hosts flat bands that give rise to superconductivity
and correlated insulating states [77], while Bernal-stacked bilayers exhibit gate-tunable bandgaps
[108] and orbital magnetism sensitive to in-plane magnetic fields (B)) [79, 80]. The latter arises
because B couples asymmetrically to the two layers, shifting their uncoupled band structures in
opposite momentum directions. However, accurately capturing the low-energy behavior under such
conditions requires accounting for full tight-binding which includes the skew interlayer couplings.
Including this effect is therefore essential to understand the experimentally relevant magnetic response
the required field scales of the insulator-metal transition.

When interlayer hybridization is activated, this generates reconstructed Fermi surfaces and anoma-
lous orbital responses [83]. Despite these advances, the low-energy band structure of BLG remains
controversial. The low-energy distortion of the Fermi surface induced by interlayer skew couplings
(v3, 74) in the Slonczewski-Weiss—McClure model [109, 110]. These terms are less pronounced in
tight-binding descriptions of AB-stacked bilayer graphene at higher energy regimes [111], yet near the
Dirac points they significantly renormalize the Fermi velocity and impart a threefold symmetry to the
band topology [12, 108, 112]. Quantum-Hall experiments at low carrier density report an eightfold

degeneracy of the lowest Landau level—consistent with a parabolic dispersion and spin, valley, and
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Figure 6.1: AB-stacked bilayer graphene lattice and band structure with trigonal warping. (a) Side view of
the AB-stacked lattice showing relevant interlayer hopping terms. (b) Semi-metallic state at zero field with
Er =0.313 meV. (c) Semi-metallic state with displacement field slightly below the critical value. (d)
Insulating state achieved by exceeding the critical displacement field.

orbital symmetries [67, 113, 114] —whereas tight-binding models that include skew hoppings (y3,74)
predict a gapless fine-structure featuring four mini-Dirac cones and van Hove singularities at modest
displacement fields [2, 113, 115] . Moreover, large F| opens sizable gaps and yields anomalous
quantum-Hall sequences in BLG[116, 117, 118, 119] and Bernal trilayer graphene [120, 121, 122],
rhombohedral trilayer graphene [123, 124] and Bernal tetralayer graphene [125], which is consistent
with the theoretical band structure predicting a trigonally-warped low-energy Fermi surface topology.

Recently, Seiler et al. [108] investigated the fine structure of trigonal warping under an applied
displacement field—both theoretically and experimentally—underscoring its relevance. In their work
they aimed to resolve the puzzle of why the linearly dispersing bands and electric-field-induced
changes of topology have not been observed experimentally in BLG. They combined high-field
magneto-transport on hBN-encapsulated bilayer graphene with realistic tight-binding modeling to
show signs of topological changes in the band structure involving a van Hove singularity should be
detectable, e.g., in a quantizing magnetic field in which the presence of four Dirac cones results in
an exotic sequence of Landau levels distinct from the previously studied instances of Landau levels.
Establishing BLG as a truly field-tunable Dirac material with an accessible gap up to 250 meV and
rich correlated phenomenology.

However, the combined effects of B| and transverse electric fields (£, )—an exotic pairing for
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bilayer band engineering—remain underexplored, more so in the presence of trigonal warping. In
our prior work [111], we demonstrated that B)j and E synergistically drive an insulator-metal (IM)
transition in AB-stacked bilayer graphene (AB-BLG). Here, £/, opens a bandgap, while B hybridizes
layer-polarized states, closing the gap above a critical field B..

In our previous work [111], we showed that E; and B together drive an insulator-semimetal
transition in BLG by opening a gap and then closing it above a critical field B.. That study, however,
neglected trigonal warping and predicted B, = 100 T, well beyond experimental reach.

Here, we remedy this omission by incorporating skew hoppings into the full tight-binding simula-
tions of the B)—~E | -induced transition (Fig. 6.1a-b). Focusing on the Fermi surface within roughly
1% of the original Brillouin zone (i.e., within ~ 1 meV of the Dirac points), we uncover two key results.
First, there exists a critical displacement field beyond which a true gap opens. Second, trigonal
warping dramatically lowers the critical magnetic field B, for the IM transition, reducing it from
over 100T [111] to ~ 10T—a range accessible to modern cryogenic magneto-transport experiments
[126]. At very large B, warping effects become negligible as the Fermi surface coalesces into a single
anisotropic pocket, recovering the high-field behavior reported in our earlier study [111].

These results resolve the paradox between early theoretical predictions of weak field responses and
recent experiments observing B)-tunable magnetism at moderate fields , while highlighting trigonal
warping as a critical lever for designing graphene-based magneto-electronic devices.

More broadly, our work demonstrates how low-energy band topology—shaped by skew cou-
plings—can be engineered with crossed electric and magnetic fields, opening new directions in

correlated Dirac physics and device applications.

6.2 Tight Binding Model.

The Bernal-stacked graphene bilayer is described by a tight-binding Hamiltonian with nearest-

neighbor intra- and interlayer hopping [87]

-V/2 Yof (ke)  vaf (k) sf* (k)
i _
Hy = Y fM(ky) —V/2+A 7 Yaf (k) 6.1)
vaf* (k) 7 V/2+ A vf (ky)

v3f (k) yuf* (k) yofT (ks) V/2

The four basis states are A¢, By, Ay, and By, with A and B denoting the sublattice and t/b subscripts

identifying the top and bottom layers. The hopping energy between By and Ay, is v; = 0.361eV,
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Figure 6.2: Density of states across the metal-insulator transition. (a) Insulating state for V > V. with
vanishing DoS. (b) Semi-metallic state restored by in-plane magnetic field ¢ > ¢c. (c) V—¢ phase diagram
showing the critical magnetic field for gap closure, with cutoff at 25 T.

while the hopping term between the nearest neighbors within a layer is vy = —2.61eV [108, 127].
fk) = Zizl e O where 8; = a(—1,v/3)/2, 82 = a(—1,—/3)/2, and d;5 = a(1,0) are the vectors
connecting atoms A to their nearest neighbors within a layer and a ~ 1.42A is the carbon bond length
in graphene. The diagonal terms £V originate from an external electric field applied perpendicular
to the bilayer (the displacement field). In addition to the nearest-neighbor intralayer hopping energy,
we also include the skew interlayer couplings v3 = —0.283 eV, v4 = 0.138 eV and the energy difference
between dimer and non-dimer sites A = 0.015 eV [108, 127]. Using this model, we demonstrate that
the insulator-to-metal (IM) transition predicted in the effective Hamiltonian discussed in the our
previous work [111] and it also occurs in the full tight-binding model.

Finally, the constant vector potential is incorporated into the Hamiltonian by using the Peierls

substitution k — k 4+ eA /A, so that we have

ki/ha = ka £+ 7®(sin 6, — cos 0,0), (6.2)

where [ is the interlayer separation and ® = Bal/®g is the magnetic flux through a rectangle
defined by an intra-plane bond and an inter-plane segment in units of the magnetic flux quantum
Dy =h/e~4.14 x 10° T.A2. Here 6 = /2 corresponds to a vector potential parallel to the z-axis
(zig-zag direction) and a magnetic field parallel to the y-axis (armchair direction). It is worth noting
that the skew-coupling terms do not accumulate the Peierls phase; and the possible reasoning could
be understood as the skew couplings are a second derivative of the motion in the z-direction; which

does not get effected by the in-plane vector potential.
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6.3 Accessible IM-Transition Enabled by Trigonal Warping

In our previous work [111], we analyzed the insulator—semimetal transition in AB-stacked bilayer
graphene at half filling under a transverse field £; and an in-plane magnetic flux ®, modeling each
layer as a Dirac cone displaced vertically by £V and horizontally by Ak = ®/a. By including only

the interlayer coupling 7y, we found that the system remains gapped for

N <3rhl® = do=
37T|70|

and transitions to a compensated semimetal when this inequality is violated, corresponding to an
unreasonably large critical field B, ~ 100 T (with additional P-strain). In the present work, we show
that including trigonal-warping terms dramatically lowers B, into the ~ 10T (Fig. 6.2) range by
concentrating low-energy states in to trigonal shaped iso-energy contours where the interlayer form
factor remains finite. This significantly lower B, arises because skew hoppings (vs,74)—and the
resulting trigonal warping—is taken into account: their inclusion enhances interlayer coherence near
the Dirac points and requires accesible fields to hybridize the bands.

Following the Ref.[12] one can show that at low-energy; the effect of trigonal warping in the
two-band model causes a Lifshitz transition for energies |E| < ez, where e, = I (v/vs3)* ~ 1meV.
The iso-energetic lines are broken into four separate ‘pockets’ consisting of one central pocket and
three ‘leg’ pockets. By resolving the band structure at 1/100" of the original Brillouin zone (BZ)
length scale, we uncover threefold-symmetric Dirac cones (Fig. 6.1c) that fundamentally alter the

insulator-metal (IM) transition.

6.3.1 Critical Displacement Field and Gap Opening

At zero in-plane field (B = 0) and in the low-energy window (|E| < 1meV), trigonal warping
fragments the Fermi surface into one central pocket (conduction band) and three satellite pockets
(valence band) around each K point (Fig. 6.1b). Applying a perpendicular displacement field F;
gaps the central Dirac cone at zero energy but leaves the warped pockets intact, so the system
remains semimetallic until

Ve 2 0.63 meV . (6.3)

Below V., residual valence-band pockets sustain a finite density of states at the Fermi level (shifted

to EFr &~ 0.31 meV by particle-hole asymmetry from ~,), whereas for V' > V_ all pockets are gapped
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Figure 6.3: Evolution of Fermi Surface with different direction of in-plane magnetic field (¢) at IM
Transition (V > V.).

and a full bulk gap appears (Fig. 6.1c—d). This suppressed gap opening—absent in high-energy
models—provides the baseline for mapping the IM phase boundary in the (V, ®) plane.

We extract V. by direct diagonalization of the full tight-binding Hamiltonian on a dense k-grid,
tracking the minimum indirect gap via Eq. (6.4). Because V. depends sensitively on the skew-hopping
ratio v3 /71, our results suggest that strain or dielectric engineering could tune the threshold, offering
an additional control parameter for low-field IM transitions.

This behavior has two key implications. First, it highlights the necessity of including skew-hopping
terms (73,74) when modeling low-energy transport and optics: below V., the ungapped pockets
dominate conductivity and yield anisotropic cyclotron orbits in quantum-oscillation measurements.
Second, the Berry-curvature textures of these warped pockets—even prior to full gap opening—may
drive pronounced valley-Hall or nonlinear Hall responses that switch sharply at V.

With V. established as the “zero-field” gap threshold, we can now explore how an in-plane magnetic
flux ® further suppresses or closes the gap, thereby tracing out the IM phase boundary in the (V, ®)

plane.

6.3.2 Phase-Boundary Determination

To map out the insulating and semimetallic regions in the (V, ®) plane, we compute the 4 x 4
bilayer Hamiltonian H (k; V, ®) on a fine grid of Bloch momenta k centered at the K point, including

all Slonczewski—Weiss—McClure hoppings (7o, 71,73, 74) and the displacement field V. For each (V, ®)
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we diagonalize H and extract the two middle eigenvalues
Ey(k; V. @) < E3(k; V, @),
E5(k; V, ®)-higest valence band and Ej3(k;V, ®)-lowest conduction band. We define the local gap
Ey(V,®) = min [B3(k; V, @) — Eo(k; V, ®)]. (6.4)

By convention, £, > 0 corresponds to an insulator, while £, < 0 signals a compensated semimetal.
For fixed ®, we scan V' in small increments, compute E4(V') via Eq. (6.4), and interpolate between
successive points to locate the critical displacement V(®) at which E,; = 0. Repeating this procedure

for various ® constructs the phase-boundary curve V.(®) illustrated in Fig. 6.2(c).

6.3.3 Magnetic-Field Dependence and Reduced B.

To investigate the metal-insulator transition in our bilayer graphene system, we first examine the
density of states (DoS) under different external field configurations, as shown in Fig. 6.2. When the
displacement field V' exceeds the critical value V., the DoS at the Fermi level vanishes, signalling the
opening of a full bandgap and the onset of an insulating phase (Fig. 6.2(a)). Applying an in-plane
magnetic field ¢ above a critical threshold ¢, closes this gap, producing a finite DoS at the Fermi
level and restoring a semi-metallic phase (Fig. 6.2(b)). To capture the complete transition, we
construct a V—-¢ phase diagram beginning at V' = V. and extending to V =~ 0.71 meV, indicating the
critical magnetic field required for gap closure at each displacement field. For relevance to current
experiments, we limit the field range to B < 25 T (Fig. 6.2(c)).

With the phase boundary in hand, we convert ®.(V') into a critical magnetic field B.(V) =
®.(V)®y/(al). Including trigonal warping, we find ®. lies near 10 T—two orders of magnitude lower
than the unwarped prediction (B, 2 1000 T). The dramatic reduction has two main origins: (i)
Trigonal warping reconstructs the low-energy spectrum into four mini-Dirac pockets, each retaining
interlayer coherence through skew hopping 3. Hybridization at these discrete pockets requires much
smaller in-plane Peierls phases than in the isotropic case. (ii) Once ® exceeds ®.(V'), the DoS at
the Fermi level changes abruptly from zero to a finite value, reflecting the sudden emergence of
compensated electron—hole pockets.

Quantitatively, we find that in the low-energy regime a displacement field V' > V. opens an indirect

gap, defined as the difference between the minimum of the conduction band and the maximum of the
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valence band E¢ min — Evmaz = A(V) x V — V,; but an in-plane magnetic field closes this gap by
promoting interlayer hybridization. This behavior differs qualitatively from our earlier high-energy
analysis, where the zero -B (magnetic field) indirect gap was essentially set by the interlayer coupling
v, and appeared insensitive to V. In the present, warped low-energy bandstructure the zero-B gap is
parametrically smaller (fractions of a meV rather than hundreds of meV). The primary cause is likely
the skew coupling v4, which breaks electron—hole symmetry and unpins the relative energies of the

pocket extrema, so that the “bare” gap at zero field scales with V' — V. rather than being fixed by ;.

0.08
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Figure 6.4: At displacement field V > V.: 0.7meV. Evolution of the indirect band-gap E4 with respect to
applied in-plane magnetic field strength ¢. Shows almost linearly decreasing nature with increasing magnetic

field.

It is useful to parametrize the field dependence of the bare gap by the magnetic-field induced
momentum shift. Denoting by kg the characteristic momentum displacement produced by the
in-plane field (with kg o< eB¢/h, where £ is the interlayer spacing), the leading effect of the field on

the gap can be written phenomenologically (Fig. 6.4) as
Ey (B) = E40) — ahvkg, (6.5)

where E4(0) = A(V), v is the relevant Dirac velocity near the pockets, and « 2 1 is a dimensionless
coefficient that encapsulates details of the pocket geometry and interlayer overlap. Equation (6.5)

captures the linear closing of the gap with field observed in our numerics.
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Setting Fy(B.) = 0 yields an analytic estimate for the critical field,

E,(0) h

B, = —
ahv el

x Eg(0) o< (V—Vo). (6.6)

Thus, because E4(0) < V' —V, in the trigonal-warped low-energy regime, B, acquires an approximately
linear dependence on the displacement field. This explains our observation at Fig. 6.2 that B, grows
roughly linearly with V' — V. (e.g. reaching B, ~ 25T at V & 0.71 meV in the parameter set used
here), and it also clarifies why the required fields are orders of magnitude smaller than the unwarped
estimate.

Finally, we emphasize the crossover to the high-field (or high-momentum) regime. The linear
scaling in Eq. (6.6) holds while the magnetic-field-induced momentum shift satisfies kg < k,,, where
k. is the characteristic momentum scale of trigonal warping (the distance of the mini-pockets from
the central cone [12]). Once kg becomes comparable to or larger than k,,, warping is effectively
washed out, the pocket picture breaks down, and the phase boundary should saturate toward the
constant-field behavior found in our previous high-energy study.

In short, including trigonal warping both (i) reduces the zero-field gap (via 4 and the pocket
structure) and (ii) converts the IM critical field from a V-independent constant into an approximately
linear function of V' — V., with a crossover back to the earlier constant-B,. result at sufficiently large

in-plane magnetic field.

6.4 Discussion & Conclusion

In this work, we have demonstrated that including trigonal-warping terms (73, v4) in the tight-
binding description of AB-bilayer graphene under crossed in-plane (B)) and displacement (£, ) fields
leads to an insulator—semimetal (IM) transition at magnetic fluxes and field strengths an order of
magnitude smaller than previously predicted. While earlier high-field treatments—neglecting skew
couplings—ryielded critical fields B, 2 1000 T, we find B, ~ 10 T once low-energy warping distorts
the Fermi surface into four mini-Dirac pockets of finite interlayer overlap. This dramatic reduction
stems from two complementary effects: (i) the emergence of threefold-symmetric pockets near each
Dirac point, where the interlayer form factor f; remains finite even under in-plane Peierls phases,
and (ii) the enhanced hybridization mediated by 3, which lowers the energy cost of band-inversion
at each pocket.

Our full tight-binding calculations (Fig. 6.1) confirm that for ® < ®. the system remains a gapped
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insulator, whereas for ® > ®. compensated electron-hole pockets immediately appear. Importantly,
® . varies only weakly with the direction of the applied in-plane field, owing to the threefold symmetry
of the warped pockets, and remains within the reach of modern cryogenic magneto-transport facilities
[126]. This behavior contrasts with our previous high-energy analysis, where the critical magnetic
field was found to be independent of the applied electric field, yielding a constant B, for all V. The
present low-energy treatment reveals an almost linear dependence of B, on V', which we expect to
saturate once the magnetic-field-induced momentum shift exceeds the characteristic scale set by
trigonal warping. At that point, the phase boundary should converge to the constant-field result
from our earlier study.

Conspicuously absent from our discussion is the effect of Zeeman coupling, which shifts the
energies of opposite spins by +upB (with ug = efi/2m), independently of momentum. In the
convention used here the down-spin band is pushed downward by —up B while the up-spin band is
pushed upward by +upB. As a result the spin-resolved separations between conduction and valence

extrema are modified as

hB
Ec,min(ir) - Ev,maX(T) = E(](B) - 2MBB = EQ(B) - %7

and

Ec,min(T) - Ev,max(i) = Eg(B) + 2#33 = Eg(B) + @7

where E,4(B) denotes the spinless (orbital) gap including orbital-field effects. Because one channel is
reduced by 2upB, the net effect of Zeeman coupling is to make the system more semimetallic at zero
displacement: a larger displacement field is therefore required to open a spin-degenerate bulk gap. In
other words, Zeeman shifts produce a small upward renormalization of the critical displacement V.
needed to convert the warped semimetal into a full insulator.

Crucially, however, in the low-energy, trigonal-warped regime the zero-field gap itself scales with
the displacement as E4(0) = A(V) o< V — V., so the leading control parameter for the IM transition is
V' — V. rather than the Zeeman energy. The Zeeman contribution thus appears merely as an additive
correction to E, (equivalently a tiny shift of V;), and it does not alter the orbital mechanism that
closes the V-dependent gap. Consequently the critical in-plane field B, that closes an already opened
gap remains governed by the orbital physics and the difference V' — V., to leading order independent
of the Zeeman term.

This statement can be quantified by comparing the Zeeman scale 2upg B ~ efiB/m with the orbital
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field term responsible for gap closing, which in our phenomenology scales as ~ (avpeB{)/(2m). Their

ratio is
ehB/m h 2r  a
(avpeBLl)/(27)  mupl o  of’

where a is the in-plane bond length and we used fi/(mvp) ~ a parametrically. With a/¢ = 0.3
and « 2 1 (in practice @ > 1 in the warped, low-energy regime) this ratio is small. Even in the
conservative case a =~ 1, the Zeeman correction to the required transition field is modest; for realistic
parameters it is essentially negligible.

We therefore conclude that Zeeman coupling increases the threshold displacement V. slightly
(because it makes the unperturbed system more semimetallic), but the resulting fractional change
of the critical in-plane field is vanishingly small in the parameter range studied. Accordingly,
Zeeman effects do not alter our principal conclusion that trigonal warping renders the IM transition
experimentally accessible.

These findings open several exciting avenues for future exploration. Experimentally, gated bilayer-
graphene devices can now be probed in pulsed or hybrid magnets up to ~30 T to directly observe
the predicted gap closing via measurements of longitudinal conductivity, thermopower, and quantum
oscillations [128]. The three mini-pocket topology also suggests the possibility of tuning carrier
imbalance between pockets by suitable strain or twist, enabling controlled studies of multi-valley
hydrodynamics and two-fluid transport [95].

Finally, the central role of skew-hopping—induced warping in lowering B, raises the prospect
that other two-dimensional moiré and multilayer systems—where skew couplings are inherently
strong—may exhibit similarly accessible IM transitions. For instance, trilayer graphene, transition-
metal dichalcogenide bilayers, and twisted heterostructures could be designed to exploit warping-
facilitated band inversions at modest fields. By revealing how low-energy geometrical distortions
can govern field-driven phase boundaries, our study provides a blueprint for engineering tunable

semimetallic states in van der Waals materials.
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Chapter 7

TWISTED BILAYER GRAPHENE UNDER CROSSED
ELECTRIC AND MAGNETIC FIELD

7.1 Introduction

Understanding field-induced electronic phase transitions in two-dimensional materials has been
a overarching theme of this thesis. In particular, Bernal-stacked bilayer graphene has served as
a model system for studying such transitions under external electric and magnetic fields. Our
previous investigation into this system revealed two key effects: an insulator-to-metal transition and
a corresponding shift in magnetic response from diamagnetism to paramagnetism. However, a major
challenge remains—the required external field strengths are prohibitively large, making experimental
verification difficult.

To overcome this limitation, we turn to twisted multilayer graphene, a system that hosts moiré
superlattices with significantly reduced Brillouin zone dimensions. We start with twisted bilayer
graphene and in low-angle TBG, the moiré mini Brillouin zone is approximately 1/100th the size of
the original graphene Brillouin zone. This rescaling has profound consequences: momentum shifts
that require extreme fields in Bernal bilayers can now be achieved with field strengths that are orders
of magnitude lower. The moiré potential also enhances interaction effects, making TBG a prime
candidate for realizing field-induced phase transitions under experimentally accessible conditions.
Twisted bilayer graphene (TBG) has emerged as a revolutionary platform for exploring correlated
quantum phenomena, driven by its tunable Moiré superlattice and flat electronic bands [14]. When
two graphene layers are rotated to a "magic angle" (= 1.1°), the resulting flat bands near the Fermi
level host strong electron-electron interactions, leading to superconductivity, correlated insulating

states, and orbital magnetism [15, 129, 130, 131]. These results imply that valley- or orbital-polarized
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Electronic band structure of twisted bilayer graphene (TBG)

Hexagonal boron nitride c
Twisted bilayer 6=1.08°
graphene

Figure 7.1: Moiré superlattice at the magic angle. (a) STM topography of TBG at 6 =~ 1.1°, revealing
the large-scale triangular moiré pattern. (b) The emergence of flat bands at the Fermi energy. Source:

Ref (]129)).

orders (spontaneous orbital magnetism) can suppress or compete with superconductivity, highlighting
an interplay between orbital magnetism and superconductivity distinguishing TBG from conventional
superconductors. Furthermore, recent theoretical work ([132]) also predicts that in-plane magnetic
fields can fundamentally alter the band structure, transforming linear Dirac cones into parabolic
dispersions at a critical field strength. These predictions identify an in-plane “orbital” effect that
reshapes TBG’s band topology.

This interplay between geometry, correlation, and magnetic response makes TBG a rich testbed for
probing quantum phase transitions and designing novel electronic states. By resolving how magnetic
fields engineer band topology and suppress superconductivity in twisted graphene systems, this
project aims to establish design principles for next-generation quantum materials with atomic-level
control over spin, topology, and correlation.

In this work, we investigate whether the insulator-to-metal transition observed in Bernal bilayers

can manifest in TBG at reduced field strengths. We begin by constructing a continuum model for
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TBG in the chiral limit (or the TKV model [133]), where the two dominant interlayer tunneling
amplitudes are retained while the smaller ones responsible for particle-hole asymmetry are neglected.
This approximation simplifies the moiré Hamiltonian and highlights the essential flat-band physics
governed by interlayer interference. We then benchmark the resulting model against well-established
theoretical results. We benchmark our band structure calculations against well-established theoretical
results. Once validated, we introduce external fields to examine their impact on the system’s electronic
structure, searching for signatures of the transition. This study not only extends our understanding of
field-induced phase transitions in graphene-based materials but also provides insights into engineering

electronic states via moiré superlattices.

7.2 Continuum Model Hamiltonian

7.2.1 Geometry and moiré pattern

A general geometry for a twisted bilayer graphene (tBLG) can be constructed as follows: we start
with a Bernal-stacked bilayer, rotate the second layer by an angle 6 (counter-clockwise about the

origin), and then translate it by a vector 7. The two layers can then be expressed as

1
Rszl),nz =mnia; + nqay, (7.1)
R(®),, = Ry (nmay + naay — 8) + 7, (7.2)

where Ry is the 2 x 2 rotation matrix describing a counter-clockwise rotation by 6:

cos —sinf
Ry = . (7.3)
sinf  cosf

Here, each lattice vector points to a sublattice A carbon atom. From Egs. (7.1) and (7.2), we can
write the useful relation

R® =R, (R;ﬁ{m - 5) tr (7.4)

ni,n2

7.2.2 Rotated Dirac Hamiltonian

From now on, we closely follow the work done in ref. [26] and explain the model we shall adopt

for this material. We begin by obtaining the Dirac Hamiltonian for a rotated SLG. We start with
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the SLG Dirac Hamiltonian and write it as

0 eT0q
Hg/g(q) = thoelql L ; (2.70)

For a rotated SLG!, we may argue that, applying the same (passive) transformation to our coordinate
system, we obtain the same expression. Then, we can go back to our primary coordinate system and

write
O e:Fi(eq +0)

H q,0) = thur|q , 2.71
Hata0) = horlal | |0 (271)

where q is now measured from the rotated Dirac points, =K.
3.0°

(a) Moire Lattice at 8 = 1.05° Moire Lattice at 6

(© Moire Lattice at 8 = 6.95°

6
x(A) x(A)

Figure 7.2: tBLG geometry for 6 = 1.05°,3.0° & 6.95° (top view). Moire superlattice Vectors Lari and
L2 are highlighted in green and blue respectively. The mark the basis for the (readily visible) large-scale
hezagonal moire pattern.

7.2.3 Interlayer hopping term

The interlayer hopping term can be defined by the matrix element,
a, 1 2
i = (ica [ HL ), (7.5)

which describes a process where an electron with momentum k’ in layer 2, sublattice 3, hops to a

momentum state k in layer 1, sublattice a. In the tight-binding approximation, we have

(1) (1)
) = \/— Y e RO 450, ), (7.6)

ni,n2

We refer to a single graphene layer rotated by an arbitrary angle.
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1 ik (RP  +87
i) = S (R ) RE) 46D ), (7.7)

k’,B NN, =
where
8 =4, o7 =0b. (7.8)

The following is the explicitly written interlayer hooping term and its matrix element of interest

(which is, for now, completely general):

Oy (R @)
.3 1 Z e—i(K+q1)~(R5111))n2+6&1))€Z(K taz) <Rn'1,n'2+5ﬁ )

K+taqi Ko a2 N1 Ny
ni,nz,nq,nh (7.9)

2 2

x (R, +60, ol HL RS +65.5).

Within the continuum low-energy model, the above expression for the interlayer hopping can be
TA,A TA,B

simplified in a matrix notation where T = , we re-write the last expression as
TB,A TB’B

TK+q1,K"+q2 =Ty, 6q§7q1 + quéq%m + 14, 5q37q1’ (7.10)
where
t1(K) t1(K) t1(K)
T, = T, T, = Ty, T, = 15, 7.11
© = Z, o T =g e L= (7.11)
11 , 1 e , 1 e 2
T = , Thy=e" , Ty=e?| , 6=, (7.12)
1 1 e”® 1 e'® 1 3
and

@w=K-K’ q,=(K+by) - (K +b)), qu=(K-b;)—(K-bf). (7.13)

The interpretation of these results is more elegant when we move to the reference frame where
layer 1 is rotated by —6/2 and layer 2 by 6/2 (it suffices to rotate our previous coordinate system by
6/2). Our demonstration was sufficiently general to allow us to do that, and we will stick to this
reference frame from now on. The geometrical picture for this interlayer hopping is shown in fig.

2.10. The following relevant relations are also easily deduced in this reference frame:

_ 8msin(0/2) - _ 8msin(/2) 8msin(6/2)
LN T N NCT 3/3d

3From now on, by convention, when we do not specify the rotation, we are always referring to anti-clockwise
rotations by 6 about the origin. Once again, translations do not affect anything at this point.

(V3/2,1/2), qu= (—v/3/2,1/2), (7.14)
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b =y~ au = D 1y V), by = an—ay = TR s By, (75)

V3d V3d

ag“— (9/2)(f/2 -1/2), aglzi(\[/Q 1/2), (7.16)

n(6/2)
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Figure 7.8: K and K' bands on a tBLG. (a) Blue/red hexagons describe the BZs for layers 1/2. Dashed
purple/green hexagons represent moire unit cells in reciprocal space for K/K' expansions. The vector g
represents the shift due to twist and has the modulus of 2kp sin@. (b) Moire BZ with relevant high-symmetry
points plotted in it.

7.2.4 Hamiltonian matrix construction

Let us briefly summarize the results and assumptions we have in our model for the tBLG. The

total Hamiltonian for this material is splitted as
H=H,+H,+H,. (717)

In the tight-binding approximation, the wave functions read
) = Z DI, (7.18)

where c( )(k) is a complex constant of unit modulus. In the continuum low-energy model and within

a K expansion, we obtained the following non-null matrix elements for the interlayer hopping:

1 2 o,
<¢£{lq1,a|Hl|w£{27+q2,ﬁ> = TKfql,K9+q2 = TQb5Q2—Q1,Qb + Ter(SCM—OIh%r + Tq”éqz—QLQtw (7'19)
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The remaining non-null matrix elements come from each single layer Dirac Hamiltonian,

1 1 Q,
<¢§(lp17a‘H1|w£(3,-p27ﬁ> = HSLBG,K(QM —0/2)0p, . (7.20)
2 2
(Wi oy o 20320 4o 5) = HE 10 (2,0/2)0p, b, (7.21)

where Hgf‘%’K(q, 6) is given by (2.71) (using the same matrix notation as we used for T) and q;, p;
are small enough to make the Dirac K-expansion valid.
In order to determine the electronic spectrum, we use the Schrédinger equation, which for our

system reads

(Hy+ Hy + Hy)]hx) = Elty). (7.22)

Applying a bias v,(:L = (k,i,a), as in SLG, does not yield a closed system. Starting from (K +¢, 1],
we couple (besides the diagonal term) to |K? +q + qp,2), |K% +q+ g, 2), and | K% + ¢+ g4, 2) (first
NN in reciprocal space). Each of these couples to the previous one and to two new states (second
NN), and the process repeats.

Let us clarify the matrix construction by showing examples. If we start with the (K + ¢,1| and

consider just first NN, we obtain

(K +q) (K +q)
(K +q) ¢ (K +q)
c(Az)(K9+q+Qb) C(Az)(K9+q+qb)

(2)/7-0 (2) (70
ey’ (K +q+aq) ey (K +q+aq)
H"(q) = E"(g) (7.23)

0(2)(K9 +q+ qr) 0542)(1(‘9 +q+ q)

e (K% + g+ qur) K + 4+ qur)

(K + g+ qu) K+ g+ an)

e (K +q + qu) K+ g+ an)

where
Hé‘(LG (q,—0/2) Ty, Ty,. Ty,
o= | v Hhelted) ’ ’
Tthr 0 HE (g + @, 0/2) 0
L T3, 0 0 HE q(a+qu,0/2)]

(7.24)

Without further low-energy approximations, we thus see that the minimum matrix Hamiltonian
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for the tBLG is 8 x 8. Instead of writting the whole system of equations, we can compress and
interpret it by using the following convenient picture for the K-Hamiltonian matrix elements:

It is possible to demonstrate analytically (see Appendix E.1 for information) that this Hamiltonian
has two zero energy states at k = 0, and a Dirac velocity gets renormalized. And it can be shown

that
v* 1 — 3a?
—_= 7.25
v 1+ 6a2 ( )
where
o w w
vp - |g|  vp-2kpsin(0/2)’

(7.26)

The denominator in equation (7.25) captures the contribution of the j’s to the normalization of
the wave function, while the numerator captures their contribution to the velocity matrix elements.
For small a, equation (7.25) reduces to the expression v*/v = 1 — 9a?, first obtained by Santos et
al. [134]. The velocity vanishes at the first magic angle because it is in the process of changing sign.
The eigenstates at the Dirac point are a coherent combination of components in the two layers that

have velocities of opposite sign.

7.2.5 The Chiral Hamiltonian

Continuum Hamiltonian of Twisted Bilayer Graphene can also be expressed as below

H=H +Hy,+H),

=hvp ) M,k,a Toi (k4 %) G105 + b o Tap (k= %) ¢2,k,ﬁ}
k,o,B

+ i1 Z |:¢1,k:+G,a Top(G) 2,5 + H.c.} (7.27)
k,G,a,3

and the T-matrices could be written as below:

—27i/3
waA WAB WAA wAaBe
T, = , Ty = . . Ty=Ty. (S38)
WAB WAA wape’ /3 WAA
The general form would
TQBZwAA—i-’wAB (ixqag)-a, (839)

where q, = qq/kg is the unit vector along the direction of q,. It is convenient to rotate the basis to
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transform the Hamiltonian as

e'ios 0 e iio= 0 —ivgo -V Ty(G)
H — 4 H _ = : (S40)
0 e 0= 0 e'io: TJ(G) —ivgo - V
where
Ta(G) = ZTDCH:@ e_iq”"G, Tgﬁ = wAAei%”Z +wap (i X qaﬁ) - 0. (7.28)

+0/

This unitary rotation makes leads to 7, 3 2 Tap; and in the chiral limit was =0,

T (G) =wap (2 x qg) - 0. (7.29)

Hepiral = Hy + Hy + H |

=fvr ) [¢J{,k,a Tag(k + ) D1k + 8y o Teplk — 5) ¢2J~C7B}
k,a,B

D {¢J{,k+G,o¢ T (G) dopp + H.c.} (7.30)
k.G,

7.3 Algorithm Development and Band-Structure analysis at
different twist angles

A detailed examination of Fig. 7.3 reveals the schematic representation of the Moiré Brillouin
Zone (MBZ) for twisted bilayer graphene (TBG). There are two in-equivalent valleys as it can be
seen from the ; which corresponds to the K and K’ valleys of the MBZ. In Fig. 7.4(a) we focus on
the right valley, the red and blue markers correspond to the inequivalent Dirac points originating
from the two graphene layers, which are stacked and rotated relative to each other by the twist angle
0. The finite separation between these two Dirac points in reciprocal space directly encodes the twist
and is quantitatively equal to the magnitude of the Moiré reciprocal lattice vector g, as defined in
Eq. (7.14). This vector not only characterizes the periodicity of the Moiré superlattice in momentum
space but also coincides with the direction along which the perpendicular interlayer tunneling process
occurs, mediated by the coupling matrix 7.

For reference, in the chosen coordinate convention of the figure, the vertical axis corresponds
to the k, direction, while the horizontal axis is aligned with k,. The high-symmetry points of the

MBZ and their relative positions are thus conveniently expressed in this (k;, k) basis. Furthermore,
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(@) Moire reciprocal space (b)  Matrix modelling of the Continuum Model

Building blocks

Moiré unit cells are two rotated
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2 * 2 Hamiltonians (+6/2)
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Figure 7.4: (a)The oval shaped enclosures are consist of two Dirac points from the top and the bottom
layers separated by twist. FEach site is 4 X 4 matriz following the continuum model of TBG.(b) The matriz
modeling procedure for twisted bilayer graphene (TBG). The construction begins with two rotated graphene
monolayers forming the moiré unit cell, each described by a 2 x 2 Dirac Hamiltonian at angles £0/2 coupled
by Ti. These blocks are extended along the two reciprocal lattice directions (mm & nn) and coupled through
interlayer tunneling matrices To and Ts. To capture the quasi-periodic nature of the moiré pattern, a large
number of such blocks are included, with boundary hopping terms incorporated to yield an effective continuum
Hamiltonian.

the tunneling matrices that arise from the Fourier expansion of the interlayer hopping Hamiltonian,
as described in Eq. (7.12), are illustrated in the inset located at the top right corner of the figure.
These matrices, T1, T, and T3, capture the momentum-dependent coupling between the layers and
play a central role in shaping the low-energy band structure of TBG.

To construct the continuum model for twisted bilayer graphene (TBG) starting from the underlying
quasi-periodic Moiré lattice, we begin by identifying the fundamental repeating units that serve as
the computational building blocks. These are represented by the oval-shaped regions highlighted in
Fig. 7.4(a). Each block contains two monolayer graphene Hamiltonians, where the respective layers
are rotated by +60/2 relative to a common reference frame. This symmetric rotation ensures a net
relative twist angle of 6 between the two layers, preserving the rotational symmetry of the bilayer
configuration.

The assembly of the continuum model proceeds by periodically extending these basic blocks
along two principal reciprocal-space directions, labeled here as the mm- and nn-directions. The
intra-block physics is governed solely by the monolayer Dirac Hamiltonians (appropriately rotated),
while inter-block couplings arise from interlayer tunneling processes. Specifically, the hopping matrix
T5 connects neighboring blocks along the mm-direction, and 73 connects neighboring blocks along
the nn-direction. These tunneling matrices encode the momentum-independent coupling between

states in adjacent blocks, as dictated by the Moiré periodicity.
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Because the Moiré superlattice is quasi-periodic rather than strictly periodic in the original
graphene Brillouin zone, it is necessary to include a sufficiently large number of such blocks in the
computational domain to capture the essential low-energy physics. In practice, we consider a total of
L sites in the model, arranged to fully incorporate both types of couplings (M M N N) in the bulk of
the structure. At the boundaries, however—specifically along the LLNN and M M LL edges—we
only retain a single set of inter-block hoppings, in accordance with the geometric constraints of
the truncated lattice, as illustrated schematically in Fig. 7.4(b). This construction yields a finite
yet physically representative realization of the continuum Hamiltonian for TBG, enabling accurate

calculation of its electronic structure.
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Figure 7.5: Bandstrcuture of Chiral Twisted Bilayer Graphene at different twist angles. (a-c) The band
dispersions at twist angles 0 = 1.00°, 0 = 9.43° and 0 = 1.085°: the Magic angle; along the high-symmetry
path K1 — M —T' — K. At K-points we have Dirac crossings except when we have flat bands.

7.4 Band-topology with External Fields

The application of external fields offers a versatile handle for engineering band topology in
two-dimensional materials. In monolayer and AB-stacked bilayer graphene, it is well established that
perpendicular electric fields and magnetic fields can drive exotic transitions, often accompanied by
gap openings and symmetry breaking. In twisted bilayer graphene (TBG), however, the interplay
between Moiré band structure, twist angle, and external perturbations introduces qualitatively
different responses. This section systematically examines the effect of purely in-plane magnetic
fields, purely in-plane electric fields, and their combined (crossed-field) configuration, with the aim
of identifying possible routes toward inducing an insulator-metal transition in small-angle TBG.
Our analysis reveals that, unlike its untwisted counterparts, TBG does not exhibit the conventional
gap-opening mechanisms under these conditions, and the resulting band reconstructions suggest

fundamental limitations for realizing such a transition within this platform.
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7.4.1 Effect of only in-plane magnetic field

We first investigate how an in-plane magnetic field modifies the band topology of small-angle TBG.
The application of a sufficiently strong in-plane field transforms the low-energy band dispersion from
linear Dirac-like cones into parabolic bands at a critical field strength (¢as) (Fig. (7.6)), in agreement
with the theoretical predictions of Kwan et al. [132]. The resulting two-band parabolic dispersion
belongs to the class described by Montambaux et al. [135], in which the merging of Dirac points under
perturbations does not result in the opening of a gap. Physically, the in-plane field effectively cancels
the relative momentum shift induced by the twist angle, bringing the two Dirac cones into coincidence
without triggering mass generation. This gapless parabolic state, while topologically distinct from

the original Dirac bands, therefore cannot be leveraged to realize a conventional insulating phase.

7.4.2 Effect of only out-of-plane electric field

We next consider the application of an out-of-plane electric field. Previous results in this system,
such as those reported by [134]et al., show that gap opening is not possible. In our work we see the
similar effect, in TBG, our numerical simulations reveals no gap opening is observed, and we argue
that the response is instead reminiscent of monolayer graphene. This similarity to the monolayer
case further supports the view that, despite the Moiré-physics, the dominant low-energy excitations

in TBG remain effectively massless under in-plane electric fields.

7.4.3 Effect of crossed field setup

We now examine the effect of a purely out-of-plane electric field on TBG. Earlier studies, such as
those by Santos et al. [134], have reported that such a perturbation does not induce a gap in this
system. Our numerical results are fully consistent with these findings: the application of an out-of-
plane electric field leaves the low-energy spectrum gapless. The observed response closely mirrors
that of monolayer graphene, where the field merely shifts the band energies without generating mass
terms. This resemblance suggests that, despite the presence of Moiré-induced band reconstruction,

the low-energy excitations in TBG remain effectively massless under out-of-plane electric fields.

7.4.4 Combined in-plane magnetic and electric fields

Finally, we examine the case of crossed in-plane magnetic and electric fields, motivated by our

earlier work in which such configurations were proposed as potential routes to drive insulator-metal
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transitions. In TBG, once the parabolic dispersion is achieved with the critical in-plane field we
expected a similar behaviour alike the AB-stacked untwisted case, however, the combined perturbation
again fails to induce a gap. The band structure remains predominantly linear in character, suggesting
that the mechanisms responsible for the insulator—-metal transition in AB-stacked bilayer graphene
cannot be straightforwardly transplanted to the Moiré case. This leads us to conclude that small-angle
TBG, at least within the range of experimentally feasible field strengths, is not an ideal platform
for realizing such a transition. Instead, our findings indicate that systems hosting parabolic Moiré
bands—such as twisted double bilayer graphene—may offer a more promising route toward field-driven
topological and metal-insulator transitions, due to their greater propensity for gap formation under

similar perturbations.

(a) p=0;V+0 (b) d=du;V=0 (©) ¢=¢u;V#0
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Figure 7.6: Top row: Band structure of chiral twisted bilayer graphene under various crossed-field
configurations. (a) With no in-plane magnetic field, applying a transverse electric field to the linear Dirac
crossings produces no gap. (b) At the critical in-plane magnetic field ¢ar, where the Dirac bands acquire a
parabolic dispersion, a transverse electric field still fails to open a gap. Bottom row: (a—c) For a small
twist angle, the linear-to-parabolic transition occurs as expected, yet the bands remain gapless across all field
configurations.
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7.5 Interesting Directions and Promises

The absence of an insulator—metal transition in TBG under external fields, while initially
unexpected, opens an equally intriguing path: probing the linear response of parabolic dispersion
regimes near the critical field. Such a regime offers a fertile ground to explore emergent quantum
phenomena, where small perturbations may strongly influence correlated states. Measurements of
transport coefficients, compressibility, and magneto-electric responses in this limit could reveal subtle
ordering tendencies or hidden criticality, even in the absence of a conventional gap opening.

Connection to Superconductivity Suppression: A particularly promising avenue lies in connecting
the field-induced evolution of band structure to the suppression of superconductivity. In TBG,
superconductivity is highly sensitive to the geometry of the electronic wavefunctions, and in-plane
magnetic fields can modify this geometry through changes in the Berry curvature distribution.
By systematically mapping superconducting critical currents as a function of both in-plane and
out-of-plane magnetic fields, it becomes possible to disentangle orbital contributions from spin effects.
This, in turn, may clarify whether pairing in TBG is mediated predominantly by quantum geometric
mechanisms rather than conventional electron—phonon or spin-fluctuation routes.

Extending to Twisted Double-Bilayer Graphene: The framework developed here naturally extends
to twisted double-bilayer graphene (TDBG) [107], a system with an enlarged Moiré Brillouin
zone and intrinsically parabolic low-energy dispersion. Unlike TBG, TDBG is expected to exhibit
insulator-metal transitions at comparatively modest field strengths, making it a more accessible
platform for exploring orbital magnetism and field-tuned correlated phases. These properties position
TDBG as a promising candidate for experimentally probing exotic magnetic responses and for testing
theoretical predictions in a regime where Moiré physics and parabolic band topology coexist.

Outlook: Taken together, these findings suggest that while TBG may not be ideal for realizing an
insulator—metal transition under external fields, it remains an exceptional platform for studying the
interplay between flat-band topology, orbital magnetism, and superconductivity. Moving forward,
targeted investigations in both TBG and TDBG could bridge the gap between microscopic band-
structure modifications and macroscopic correlated phases, paving the way for a deeper understanding
of quantum geometry—driven phenomena in Moiré materials. This chapter thus sets the stage for the

broader conclusions and future perspectives that follow.
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Chapter 8

CONCLUSION & FUTURE DIRECTIONS

8.1 Summary and Conclusion

The work presented in this dissertation has explored the rich interplay between symmetry, external
fields, and electronic structure in two-dimensional materials, with an emphasis on systems where
topology, correlation, and lattice geometry converge to produce unconventional phenomena. Motivated
by the desire to understand and control quantum phases through symmetry engineering, we have
examined a series of platforms—ranging from nonsymmorphic Dirac semimetals to Bernal-stacked
and twisted bilayer graphene—each chosen for their unique capacity to host tunable band structures
and exotic responses.

Beginning with nonsymmorphic Dirac semimetals, we identified how crystalline symmetries protect
Dirac crossings and govern magneto-optical selection rules. By developing a current—current response
formalism, we predicted quantized plateaus in Faraday rotation under magnetic fields, establishing a
direct connection between symmetry constraints and measurable optical signatures. In Bernal-stacked
bilayer graphene, we mapped the evolution of band dispersion under crossed electric and magnetic
fields, revealing conditions for a metal-insulator transition and elucidating its imprint on orbital
magnetic susceptibility. Extending this framework to include trigonal warping demonstrated that
subtle band-structure distortions can substantially lower the field threshold for the transition, offering
new levers for experimental realization.

In the case of small-angle twisted bilayer graphene, we built the continuum model from first
principles, capturing the formation of the Moiré Brillouin zone, the renormalization of Fermi velocity,
and the emergence of flat bands at the magic angles in the chiral limit. Our initial goal of probing the
metal-insulator transition in this setting led instead to a surprising conclusion: within the regimes

explored, twisted bilayer graphene does not support the anticipated transition. This finding, grounded
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in both theoretical analysis and numerical benchmarks, underscores the importance of re-evaluating
prevailing assumptions and motivates a search for alternative mechanisms in related systems.

Across these studies, a unifying theme emerges: symmetry, band geometry, and external per-
turbations act in concert to shape the quantum phases and optical responses of 2D materials. The
theoretical frameworks, computational tools, and predictive results developed here form a coherent
foundation for future explorations, both in the specific materials examined and in broader classes of
engineered quantum systems.

This foundation naturally shapes the outlook of this work. Building on the insights from twisted
bilayer graphene, introducing strain offers a promising route to break residual symmetries and tune
the flat-band geometry, making it essential to compute the linear response and Drude weight to
assess transport anisotropies. In parallel, the interplay of flat-band physics with altermagnetic order
in intercalated Kagome materials presents a fertile ground for uncovering spin—momentum locked
phases with strong quantum-geometric enhancement, guiding both spectroscopic and transport
probes. Finally, the challenges of strongly correlated electron systems motivate the quantum
simulation of the Fermi-Hubbard model, enabling controlled exploration of correlated phases beyond
classical computational limits. Together, these directions extend the scope of this dissertation from

understanding existing systems to actively engineering and emulating novel quantum matter.

8.2 Twisted Multilayer Systems and its Linear Response Under
External Fields and Mechanical Strain

Two-dimensional materials have revolutionized condensed matter physics since the isolation of
graphene in 2004 [1]. Graphene’s hexagonal carbon lattice combines remarkable mechanical strength
with exceptional thermal and electrical conductivity [136].

A paradigm shift arrived in 2018 with the discovery of correlated insulators and superconductivity
in twisted bilayer graphene (TBG) near the “magic” twist angle of ~ 1.1° [14, 15].

Although twist angle remains the principal tuning knob, recent work has begun to explore the
role of lattice strain in modifying moiré physics [137]. Strain can mimic in-plane magnetic fields,
break crystal symmetries, and alter charge distributions, yet a quantitative link between strain,
quantum geometry, and superconducting response is still missing. Furthermore, strain can mimic
in-plane magnetic fields, break crystal symmetries, and alter charge distributions, yet a quantitative

link between strain, quantum geometry, and superconducting response is still missing. Strain thus
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expands the space of accessible moiré patterns (the emerging field of “twistronics”) and can strongly
affect quantum geometry, symmetry breaking, and ultimately superconducting response.

My proposal is to establish a unified theoretical framework to predict and control correlated
superconductivity in TBG via strain engineering. Despite recent advances, I would like to answer the

critical questions that remain open: (i) Symmetry-Property Relationships: How does strain-induced

C5 symmetry breaking suppress superconductivity through quantum geometric modifications? (ii)

Universal Control Principle: Can strain be established as a fundamental tuning knob that transcends

conventional material constraints? (iii) Quantum Material Design: What predictive principles govern

strain-programmable quantum phases in twisted multilayer graphene and related moiré systems?
Looking forward, an important direction is to establish strain as a precise control knob for
engineering the quantum geometry of moiré materials. In flat-band systems such as twisted bilayer
graphene, superconductivity is shaped not only by band dispersion but also by the geometry of
electronic wavefunctions, quantified by the quantum metric. By computing the superfluid stiffness and
its strain dependence, a predictive framework can be developed that directly links lattice deformations
to superconducting and topological responses. Such an approach would elevate the quantum metric
from a theoretical construct to a practical design variable, enabling on-demand realization of novel
phases—ranging from high-7, superconductivity to strain-stabilized topological states—and guiding

the transition of twistronics from empirical discovery to predictive quantum material design.

(a) (b)
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Figure 8.1 Figure 2 Strain effects in TBG. (a) Armchair uniazial strain (red arrows). (b) Strained
(solid) vs. unstrained (dashed) moiré Brillouin zones. (c) Dirac point shifts vs. strain magnitude (¢ = 30°).
(d) Dirac trajectories vs. strain direction (¢ = 0.6%). (e) Optical conductivity peaks under four strain
configurations (Dai et al. 2021).
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8.3 Quantum Simulation of Condensed Matter Systems: Out-
look toward Predictive Design

A central long-term goal of this thesis is to bridge quantum materials science and quantum

computation to enable predictive design of strongly correlated matter. The previous chapters focused

on emergent orders in twisted bilayer graphene and intercalated kagome metals, systems where strong
correlations and unconventional magnetism drive novel phases. A key outlook is to develop scalable
simulation tools capable of capturing such correlated states directly on quantum hardware.
Quantum computation provides a fundamentally new route for this challenge. Classical methods
such as exact diagonalization, DMRG, or quantum Monte Carlo are limited by exponential Hilbert
space growth or sign problems. By contrast, quantum computers can naturally encode many-body
Hilbert spaces, making them ideally suited for paradigmatic models of correlated electrons. The

Fermi-Hubbard model,

Hpy = —t Z (czacjg +he)+ UZ”iT”iiv
(i,4),0 @

serves as a minimal yet challenging model: it hosts metal-insulator transitions, magnetism, and

possibly pairing phenomena relevant to high-T,. cuprates.

As an initial step, I am implementing the Fermi—Hubbard model on current IBM quantum
processors using two complementary algorithms: the Variational Quantum Eigensolver (VQE), and
the Sample-based Quantum Diagonalization (SQD) approach. The VQE offers a flexible ansatz-based
framework, while SQD provides an alternative route that may prove more scalable for extracting
low-energy spectra. Benchmarking both against classical exact diagonalization for small chains and
ladders establishes a foundation for systematic quantum simulation of correlated systems.

Looking forward, the ultimate aim is to extend these approaches to larger ladder geometries and
eventually to two-dimensional lattices where classical approaches fail. Such progress would open
the door to probing pairing correlators, superconducting tendencies, and exotic quantum phases in
silico, thus connecting computational quantum simulation with real materials such as graphene moiré
systems and kagome magnets. In this way, quantum computation can evolve from a benchmarking

tool into a predictive platform for designing and understanding correlated quantum materials.
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Appendix A

MISCELLANEOUS ANALYSIS OF ABSORPTION
SPECTRA OVER ANISOTROPY AND MIXING ANGLE

A.1 Behavior of |M|? and \M|§

From Fig. A.1 we can see that the squared matrix element of J, (|M[?) goes exactly to zero at
the saddle point (k, = 1/v/2 and k, = 0 for a = 7/4), thus suppressing the effect of the singularity
in the joint density of states. At the same time, the squared matrix element of J, ((|M|?)) remains
finite, and this is why the singularity of the joint density of states is fully reflected in the absorption

spectrum (Fig. 3.3(d)) for polarization along x.

A.2 Dependence of saddle-point singularity on the anisotropy
parameter p

In the y-direction of the magnetic field, if we want to consider both the isotropic and anisotropic

valleys, then the absorption coefficient takes the form.

Ny = (p cos® B n,(x) + p~sin® B ny(y)) (A1)

where 7, (2) and n,(y) are the values of n, for « and y directions of polarization of the incident light.

To better understand the interplay between the saddle-point singularity and the anisotropy
parameter, we have calculated the optical absorption coefficient for the magnetic field in the y-
direction for p = 0.1, which means the Dirac cones are now strongly anisotropic.

The results are plotted in Fig. A.2(a) for three different polarizations of the incident light. From
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Figure A.1: Plots of the squared matriz elements of J, and J, (blue and orange lines, respectively) vs ky at
constant k, = cosa = 1/v/2 for a = 7/4. Observe that |M|; (orange) goes to zero at the saddle point
(kx = 1/v/2,k, = 0), while (|M|2) (blue) tends to 1.

this figure, we can see that, while the saddle point singularity is still present when the incident light
is polarized in the z direction (green curve), it becomes quantitatively small. It is hardly visible on
the scale of the graph.

This shows that one can effectively play the band anisotropy and the saddle-point singularity
against each other, thus adding another dimension to the polarization dependence of the absorption
spectrum. The figure in panel (b) of Fig A.2 shows the total optical absorption coefficient 7, (X;) +
ny(Xa) for magnetic field along the y-direction. Notice that the absorbance can change by order of

magnitude upon rotating the polarization angle.

A.3 Dependence of the absorption spectrum on mixing angle

The scenario is also robust with respect to variations of the mixing angle a: while the plots of
Fig. 3.3 have been obtained for o = 7/4, we find the same qualitative behavior for other values of a.
For the magnetic field along the y-direction, we have checked that the behavior of the absorption
coefficient for « = 7/3 and a = 7/5 is qualitatively similar to what we found for & = 7/4 in the
main text. Fig. (A.3) shows that, with increasing «, the peak in the absorption spectrum shifts
to a higher frequency, tracking the position of the van Hove singularity wepiticar = 2B sin . Still,
the qualitative behavior of the spectrum near the singularity, including its polarization dependence,

remains unchanged.
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Figure A.2: (a) Plot of the optical absorption coefficient vs w for the anisotropic valley (p =0.1). (b) This
figure shows the total optical absorbance. By changing the polarization of the incoming light, we can tune the
total absorption coefficient. Both figures are in units of Ngraphene for magnetic field in the y-direction, and
a=m/4

— p=n/2;86=0
4 — B=0; 6=0
— B=n/4; 5= nl2
3
a=n/3 a=n/5
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Figure A.3: Optical absorption coefficient vs frequency for the magnetic field in the y-direction for two
values of o different from the one considered in the text (a) a = w/5 and (b) o = /3. Notice that the
singular behavior of the absorption coefficient at the saddle point singularity is present at all o with the same
polarization dependence discussed in the main text. p = 1.0.
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Appendix B

GENERALIZED ANALYSIS OF OPTICAL POLARIZATION
ROTATIONS

B.1 Calculation of the polarization state for transmitted and
reflected waves

An elliptically polarized state with the major semiaxis oriented along the x axis, with unit
amplitude (A = 1) and zero absolute phase (6 = 0) can be represented in the Cartesian basis (z’ — ¢/

basis) (Fig. B.1) [138] as follows:

E, cos €
E= = , —m/A<e<m/4, (B.1)
E, isine
where € is the ellipticity (for e = 0 the polarization is linear along the x axis, for e = —x/4 it is

right-circular, for e = 7/4 it is left-circular).
The general state of elliptic polarization has a major semi-axis (') that forms an angle 6 with
the = axis. Thus the polarization state in the  — v basis ! is obtained by applying a rotation by an

angle —6 to the state (B.1). This gives

E, E, cosf cose —isinfsine
= R(—0) = , —m/d<e<m/4, —m/2<8<7/2.(B.2)
E, E, sin 6 cose + i cosfsin e

IKeeping the absolute phase of the electric field vector as zero (6 = 0)and of unit magnitude (A = 1). One can
multiply with Ae®® to comprehend a more general scenario.
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Figure B.1: Schematic diagram for left-handed elliptical polarization. The major and minor azes are
aligned along the ' and y' azes, respectively. The four parameters that define the ellipse of polarisation are
(1) The angle 6 between the major azis and a fived azis of reference x. If the azimuthal angle 6 is negative, it
would be a right-handed polarization.(2) The ellipticity e = b/a = tane. The ellipticity has a Tange
—1<e<1. Ife=—b/a = —tanec instead, it is right-handed as well.(3) The total amplitude A = v/a? + b>
and (4) The absolute phase § is defined as the angle between the electric field at t = 0 and the major axis.

Transforming to the chiral basis as we did before in Eq. (4.40) this becomes

E 1 e (cose — sine z
I . (B.3)
E_ V2 e~ (cose + sine) 27t

where the complex number z is given by
o |cose —sine
z = 6101 [———————
cos €+ sine
_ i 1—tane (B.4)
N V 1+tane’ '

Notice that Arg(z) = 0 varies between —m/2 and 7/2, while |z| = %;::2: ranges from 0 to co

as the ellipticity varies from /4 to —w/4. Thus it is easy to extract the parameters 6 and € from any

given state vector expressed in the chiral representation. Let us define a second measure of ellipticity

1 —tane 1. 1-—tane
Y - Zp—= B.5
€ V 1+ tane’ " 2n1+tane (B.5)

such that v = 0 for linear polarization and « = oo for circular polarization. Then we can write

~ in the following manner

z = 0= (B.6)
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In other words, =y can be interpreted as the imaginary part of the angle that defines the orientation
of the major semiaxis with respect to the z-axis. Let us now consider the action of the transmission
or reflection matrix on the incoming polarization state. Using the definition of z from Eq. (B.6) and

acting with T (Eq. 4.40) on the state (B.3) we get the output

. efe (T +iTyy)e?e” + ATe e~
T. ‘ = ‘ . (B.7)
e e (T — iTyy)e e 7 + ATee
Z/
This can be cast in the form , where, following Eq. (B.6), we have

(Z/)—l

r_ o o (T +iTyy)eer + ATe~ e
Zz =€ e = _ , , )
(T —iTyy)e= e + ATeiev

(B.8)
Finally, taking the complex logarithm and doing some simple transformations, we get

1. T +iTy, + ATe 2027
"4 = 0 + =L — Y - B.9
v+ v+l + 5 n T —ily, + ATe2i0e2v ( )

Using Eq. (B.9), we can find the complex angle, which has a real part, the Faraday angle, and an
imaginary part, which is related to the ellipticity of the transmitted wave. Separating the real and

the imaginary parts of the logarithm we find

1, |T+4iTy, + ATe 2927
f= -1 _ : B.10
Y v+ 9 n T _ ZTzry 4 ATe2i0e2v ( )
1 T + Ty, + ATe 210e=27
=04+ -A 7Y , B.11
+ B rg ( T _ iTmy 4+ ATe2i0e2v ( )

The difference ¢’ — 0 is the Faraday rotation angle 8, and we can calculate the ellipticity (=tane)
using the Eq. (B.5) and from the difference 4/ —~. A similar treatment can be applied to the reflection
matrix operating on the incoming polarization to get the Kerr rotation of reflected light.

In the isotropic case, Ty, = Ty = T and AT = 0, the formula for the Faraday rotation angle
reduces to

1 Ty +1T%
9’99F2Arg{ hal y]

1 T,

2 T

which agrees with Eq. (4.35) of the main text and is independent of the direction of polarization
of the incident light. In the presence of anisotropy, however, the rotation angle does depend on

the direction of polarization of the incident light (linear), and, in addition, the transmitted light is
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Figure B.2: Faraday rotation as a function of the initial angle of linear polarization. The plots show the
comparison between the exact and the simplified approach from our main text. Here the incident polarization
is set to linear, making the ellipticity of the incident light zero (e; = 0). For a low anisotropy factor, the
Faraday angle has a minimal difference between the two approaches. Still, with increasing anisotropy, the
Faraday rotation has a mismatch between peak values.

elliptically polarized.
As a demonstration of the use of Egs. (B.10,B.11) and Eq. (4.29), we calculate the state of
polarization of the outgoing wave for an incident wave that is linearly polarized along the z-direction

(i.e., 8 = 0; = 0). We find (see also Eq. B.2))

<

cos @’ cose’ — isin@’ sin €’ 0.999748 — 0.0001844
= - (B.13)

sin 0’ cos €’ + i cos @’ sin €’ —0.020593 — 0.0089174

El‘
E

@ <

where we have chosen p = 0.1, the bandgap A = 1, and the frequency w = 1.1A. From Eq. (B.13),
we see that an initially linearly polarized wave after passing through the medium is transformed into
an elliptically polarized wave, with ellipticity e = tan e’ ~ 0.01.

Now that we have established the exact formulation, let us benchmark the “simplified" definition
of the Faraday rotation angle we used in our main text. For initial linear polarization (¢; = 0), we
find that the dependence of the Faraday rotation angle on 6; is indeed negligible for all values of the
anisotropy parameter (Fig.B.2). In addition, the difference between the exact rotation angle and
the approximate one of the main text is relatively small in a broad range of values of p, 0.1 < p < 1.
This remains true essentially for all frequencies.

Lastly, let us consider an elliptically polarized initial state and see what our exact formulas say.
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Figure B.3: Faraday and Kerr rotation as a function of the incident polarization angle and the optical
frequency of the incident beam. Panel (a) and (c) show the exact Kerr and Faraday rotation angles as
functions of 6; for w=10.3 and w = 0.5, respectively. Panel (b) and (d) show the ellipticity e(= tane) of the
transmitted and reflected wave as the function of 0; for w = 0.3 and w = 0.5, respectively.

Fig. (B.3) shows that the Faraday rotation angle — and, more generally, the entire polarization
state of the transmitted wave — significantly depends on the initial angle 8;. Therefore, in this case
(elliptically polarized incident light and strong anisotropy), the simplified approach we have used in

the main text would not be accurate, and the exact formulas must be used instead.
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Appendix C

EXTENSION TO FULL TIGHT-BINDING MODEL OF
AB-BILAYER & CONNECTION BETWEEN LAYER
POLARIZATION AND MAGNETIC RESPONSE

C.1 Full-Tight Binding model of AB-Bilayer Graphene

We present here the Bernal-stacked graphene bilayer with a parallel magnetic field and a transverse
electric field described by a tight-binding Hamiltonian with nearest-neighbor intra- and interlayer

hopping [139]

\%4 Yof (ko)  yaf (k) y3f* (k)

f(k \% k
Hy = Yof " (kt) M Yaf (k) (C.1)
Yaf* (k) gl -V Yo.f (ko)
wfk)  yaf k) wffk) -V
In addition to the nearest-neighbor intralayer hopping energy v, = —2.8 €V and the vertical interlayer

hopping 73 = 0.3 eV, we include the skew interlayer couplings v3 = —0.1 eV and 4 = 0.12 eV
[12]. Using this model, we demonstrate that the insulator-to-metal (IM) transition predicted in the
effective Hamiltonian discussed in the main text also occurs in the full tight-binding model.

In Fig. C.1, the central panel demonstrates that the IM transition occurs at the critical magnetic
flux &, = 0.011, consistent with the results of the effective model. Notably, at & = &, the particle-
hole symmetry is broken: the lower conduction band touches the Fermi level, whereas the upper
valence band does not. Beyond the transition point, the pocket sizes of the valence and conduction

bands become nearly identical.
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Figure C.1: Full Tight-Binding Band edge. We plot here the full-tight binding model including the
skew-coupling terms ~y3,va. The three figures represent different in-plane magnetic fields and the
corresponding localization of states for a displacement field of V' = ~1. The central figure reveals that the IM
transition happens at the same magnetic field even in the complete picture. We also kept the study of the
localization built into the figures to show that the localization of states still exists at the band edge.

This behavior is supported by the fact that the skew interlayer coupling terms are proportional to
the factor f, which is unaffected by the applied magnetic field. ! Furthermore, f;, approaches zero
near the Dirac points, resulting in a negligible contribution from these terms to the band structure.

In conclusion, the critical magnetic field for the IM transition remains numerically unchanged.
Therefore, we continue to employ the simplified model described in the main text for further analysis

without loss of generality.

C.2 Model and gap-closing transition

For the description of Bernal-stacked bilayer graphene in crossed magnetic and electric fields we

employ the well-known 4 x 4 tight-binding model

Hy(V, @) =V (1. ® 09) + % (T4 ®o- +7-®04)

_ %{m ® [f (k) + f (kp)] + 7 ® [f (ki) — £ (k)] } o (C2)

where the Pauli matrices o = (04,0y,0.), 0+ = (04 £1i0y)/2 act on the degree of freedom of the
sublattice, the Pauli matrices 7 = (75, 7y, 72), T+ = (T, £i7,)/2 act on the layer degree of freedom and
® is the external product in the combined sublattice/layer space. Here f(k) = (Re f(k),Im f(k),0).

The in-plane magnetic field enters through the shifted wave vectors k; and k; defined for the top and

1For interlayer hopping, the displacement vector between the two atoms lies predominantly in the out-of-plane

direction ra; — ri; = dr — 2. Since the vector potential of an in-plane magnetic field does not contribute in the

out-of-plane direction, the line integral vanishes: ¢;; = % f:lz_f A - dr — 0. Thus, no effective phase shift arises for the
T

interlayer coupling, leaving the hopping term f; unchanged.
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bottom-layer respectively. k ,a = ka + 7®(sin 6, —cos6,0) , and V' is the electric displacement field.
We note for future use the first and second derivative of the Hamiltonian with respect to the in-plane

magnetic field:

Hy (V.@) = =2 {0 @ [ (ko) + £ (k)]
o[ ()~ f (k) | -0,
i, (V.0) = =D {r0 & €7 (k) + £ (ko)

+r @ (k) — £ (kb)) } o,

where £/ and f” represents the 1st and the 2nd derivative with respect to the in-plane magnetic field.
At zero magnetic field, these expressions become much simpler

H (V,®=0)=~r. @[f o],
(C.4)

H! (V,®=0) =1 [f' o] ;

It is easy to verify that for any V and @, the Hamiltonian changes sign under the unitary transformation
U =7 ®0yie,

Uy Hie(V, ®)U] = —H_1(V, ®). (C.5)

In addition, the unitary transformation U = 79 ® o, reverses the sign of the Hamiltonian and the
electric potential:

Uy Hy (V, ®)U] = —Hy (=V, ). (C.6)

Finally, Hy(V,®) and H_y(V,—®) have the same spectrum: in fact, these two hermitian operators
are the complex conjugate of each other. Knowing that k¥ — —k changes the sign of the spectrum
(Eq. (C.5)) we can safely conclude that ® — —® (at fixed k) also changes the sign of the spectrum.
These symmetries imply that the gap is centered around zero energy and closes when a valence and a
conduction band become degenerate at zero energy, leading to the insulator-to-metal (IM) transition.

The existence of zero-energy states can be assessed by equating the determinant of Eq. (C.2) to zero:

[H(V. @) = V2 + [33 = a8 (IF (ko) + 1 (ko)) | V2

+90 1 (ke)” | (k)[* = 0. (C.7)
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Figure C.2: Band edge and Localization. The three figures represent different displacement fields and the
corresponding localization of states for an in-plane magnetic field of ® = 0.02 (® > ®.). Our localization
study reveals that for V> ~1, the band minima (lower conduction band) consist of delocalized particles,
which, along with the band edge contribution, are responsible for the paramagnetic response at p = 0.
However, for V < ~1/2, the deep states and localized states no longer coincide. Consequently, the
paramagnetic response is significantly weakened.

Solving Eq. (C.7) for V2 yields two solutions

V2= % (C“QTC‘ + c+c_> : (C.8)
C =3 [IF (k)| % | £ (kn)]* = 1 (C.9)

The existence of real roots V. for a certain value of ® at any point within the Brillouin zone indicates
that there are zero-energy states and the gap is closed. As can be seen from Eq. (C.8), the necessary
and sufficient condition for the existence of real Vi is C; > C_ > 0. By determining the minimum
value of ® for which a region with C_ > 0 appears in the Brillouin zone, we determine the minimum
magnetic field that can close the gap opened by the transverse electric field. We observe that the
band closure takes place close in the vicinity of the K point, which allows us to expand C'_ around it

and equate C_ to zero, leading to
2

9 Y
7 kel = [k |]* = 7(1%- (C.10)

The maximum value the quantity inside the brackets can take is 7®/®, leading to ® = |1 /37y0|Po =

0.011®( as the minimum value of ® required to close the gap.

C.3 Localization of states and Magnetic response

Localization: To justify our results of the magnetic response we will take into account two factors;

one is the localization of the states and the other is the displacement field. Let us first define what
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we mean by localization of states:

L(k,®,V) = [(|¢1A|2 + |¢1B|2) - (|?/12A|2 + |¢2B\2)] (C.11)

here the ¢’s are the wavefunction of their respective layer and sublattices. For delocalized states, the
localization function approaches zero. To understand band localization, we examined the region near
the Dirac cones and found delocalized states near the band minima. Particles in these states, when
crossing the chemical potential thresholds, become susceptible to magnetic fields.

Carefully looking at the Eq. (C.11); we can state that the Localization function is the expectation
value of the operator .

L={(r) (C.12)

and the mean squared fluctuation of z is
(Ar)? = (72) — (r.)> =1 L2, (C.13)

thus for the delocalized states (L = 0) the mean-squared fluctuations in 7, is close to 1. Hence
the fluctuation is highest for delocalized states, and any slight change in the localization factor will
significantly affect the fluctuation.

Magnetic Moment: Next, we will examine the in-plane orbital moment and correlate it with the
localization of states. This analysis will strengthen our argument that the change in localization, as
we move around the band, is responsible for the observed changes in the system’s magnetic response.

The equation that describes the in-plane magnetic moment is as follows

e
m—ﬁ[rxv—vxr], (C.14)

here v refers to the velocity operator with respect to the applied field. If we consider the magnetic

field is along the y—direction, then the moment can be written as

20y (C.15)

my:%

the zv, term contributes the same as zv, , but with a negative sign. Then, using

2="Ty: vy =0H/0ky = o10(0f/0k,).0, (C.16)
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this above equation is valid for zero field calculations only; otherwise, for non-zero field moment

calculations, the Fermi velocities will be different in each layer. In the zero-field case, we have:

My = Y072z (af/akx : 0') = H(l))k (C.17)

From this equation, we observe that the in-plane moment in the zero-field case is directly proportional
to the final term of the susceptibility, namely the Fermi surface term (responsible for the paramagnetic
response at charge neutrality). Additionally, the moment is proportional to the 7,-operator, implying
that a high fluctuation in the 7,-operator will result in a high fluctuation in the in-plane magnetic
moment.

Our observations indicate that the fluctuation in the 7,-operator is highest for delocalized states.
Therefore, we conclude that delocalized states induce the greatest fluctuation in the in-plane moment,
leading to a stronger paramagnetic response. 2

Having established that high fluctuations in the localization of states are responsible for the
paramagnetic response in susceptibility, we now discuss the emerging scenarios and their corresponding
explanations. The radius of these pockets is influenced by the displacement field, which, when
increased, encompasses more delocalized states. In our discussion, we refer to these sufficiently dense
states as deep states. When deep states coincide with delocalized states, a paramagnetic response
emerges.

The deep states are located at the local extremas of the lower conduction (higher valence) band,
which are approximately at E/ ~ % or E ~ 0. If these locations have delocalized states (L = 0), it
results in high fluctuations in the magnetic moment, leading to a paramagnetic response. Assuming
this to be true, let us analyze the magnetic response observed in Fig.3 of the main text and the band

dispersion observed at Fig. C.2.

e For V = 2 at E =~ 0, there are delocalized states that are not deep enough for & < ®..
However, for ® > &, at E ~ &+, the coincidence of delocalized states with the band edge is

observed, but they are not deep enough, leading to a weak response.

e For V = % at £ = 0, the delocalized states are not deep enough for & < ®. resulting a
response that is reaching towards the paramagnetism. For ® > &, even though the states are

deep enough, they are not sufficiently delocalized, resulting in a weak paramagnetic response.

2(lassically the paramagnetic response is proportional to the mean squared fluctuation of the magnetic moment;
x = n(Amy)? /T (n is the electron density, T the temperature). This gives the correct quantum result for the electron
gas in the 7" — 0 limit.
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e For V' > ~;, there are highly dense delocalized states at E ~ 0 for & > &.. For & < &, the

delocalized states are not deep enough.

The key point is that a significant paramagnetic response occurs when there is a deep enough
band edge (V > ~1) along with delocalized states (L = 0). If either of these criteria is not adequately

met, the paramagnetic response will be weak or absent.
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Appendix D

TWO-BAND CONTINUUM MODEL OF TRIGONAL
WARPED AB-BILAYER GRAPHENE

D.1 Method to derive two-band effective Hamiltonian with
the presence of external crossed field setup

A rigorous tight-binding Hamiltonian for AB-bilayer graphene has been derived and discussed in
the previous section, which can be used to describe the dispersion for any & in the Brillouin Zone.

But if to get a bit more flavor of the effect of the trigonal warping in detail we could proceed
with the two-band model of the AB-bilayer graphene and integrate out the high energy regime
non-associated with the warping effect. The inter-layer coupling +; forms a dimer from the pair
between orbitals of B; — A, state, thus leading to formation of high-energy bands. Low-energy
bands related to orbitals on the non-dimer sites A; — Bp. A simple model may be obtained by
eliminating orbitals related to the dimer sites, resulting in an effective two-band Hamiltonian for the
low-energy orbitals. The mathematics is motivated from the paper [108, 112, 116].

We rearrange H such that it is now written in basis A, By, Ay, and By. And then into 2 x 2
blocks, where the upper-left diagonal block represent the low-energy block Hi; and the high-energy
block is at the right bottom corner Hss.

Hll H12

H = , (D.1)

H21 H22

Then, we take the 4 x 4 Green’s function determined by H, use it to identify the effective

low-energy bilayer Hamiltonian Hy; as discussed in detail in Appendix D.1.
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For an energy approximation F << ; and keeping the direction of magnetic field fixed along
the y-axis we can write the effective two-band model Hamiltonian for the sublattice components
(¥a4,, VB, ), under the assumption that the intralayer hopping -y and interlayer coupling 7; dominate
over all other energy scales:

Yo, V1 > ‘E|7 vk? |’73‘7 |’Y4|, |V|7 |A|

Retaining only terms linear in the small parameters |ys|, |v4|, |V],|A| and quadratic in momentum p,

the effective Hamiltonian becomes:
Hyy = Hyy — HipHy,' Hy,. (D.2)

However, before we proceed to do a discussion in low energy properties which are dominated by the
band structure near the two valleys we need to expand the fi-function near the valley K.

In the low-energy approximation the f(k) reduces to

Fk) o~ —¥Be(k, —ik,) + & (K, + ik,) (D.3)

= fa’ITT + —|—8h277 (D.4)

where we represent m = k, + ik, and at =k, — iky. Also, we define v = f“'yo, vz = ‘[“73 and
_ fa

Vg4 =

+*v4. If we add a magnetic field in the y-direction then

flke) = fk+6) = f“( ) (D.5)

Fko) = f(k—¢) = = —(x" —¢) (D.6)

2h

here ¢ is real; if the magnetic field is in z-direction the ¢ would be imaginary. We proceed with
keeping ¢-real.

Which makes the two-model hamiltonian as

i = Vv . V3T — W(H) (D7)
vgml — 6% ()2 -V
| E )+ 9) - 2 [n(x! + ) + HC L [(wh)? — ¢%] — 2282 (ntg)
L 72 — ¢%] — 2282 (ng) —Y (rt = ¢)(r — ¢) — 2 [w(nt — ¢) + H.C]
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Figure D.1: LT in trigonal-warped bilayer graphene under different external fields. (a) Zero-field case,
showing the LT at approxzimately —1 meV. (b) For V > V., the system enters an insulating state, with the
transition occurring at a slightly shifted energy of —0.97 meV. (¢) In the metallic state (V = 0.7 meV,

B =25 T), the applied magnetic field breaks the rotational (C3) symmetry of the iso-energy contours, leading
to anisotropic transition energies along different crystallographic directions.

This could be deconstructed into several parts

Hy = ho+ hy + ho + hy (D.8)
Here
N2 42
ho—- | " )y —¢ (D.9)
()P - P 0
_ w3 (1)2
By = —v3 0 T o™ (D.10)
af — g%(ﬂf 0
h = vuy [r(7t + )+ H.C.] %(WTd)) (d11)
gi! 2V (7¢) [7(x" —¢) + H.C.]
1
by - V 0 7‘/71;2 (" + @) (7 + ¢) 0 (D.12)
0 —v|j 7 0 (" = 9)(7 — 9)

To analyze the influence of h,, at low energies, if we can consider the no-field case first (Fig. D.1(a))
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and only hy and the first term in h,, as it is also derived in Ref. [12]. The resulting energy F = +e;
is given by

3 2\ 2
2 = (v3k)? — 5% cos(3¢) + (2]{7m> , (D.13)

confining into very low energy regime we have vk/v; < 1 and vs/v < 1, k = (k;, k). As without
any external fields h,, is linear in momentum, its influence and the resulting triangular distortion
of the iso-energetic contours become increasingly pronounced at lower energies and momenta. This
distortion grows until a Lifshitz transition occurs at the characteristic energy

e = % (E)Q ~ 1 meV, (D.14)

v

as also indicated in Fig. D.1(a). The white dashed line in the figure marks the 1 meV iso-energetic
contour associated with this transition. For energies |E| < €1, the iso-energetic lines split into four

distinct pockets: a central pocket and three “leg” pockets. The leg pockets are centred at momentum

Y1U3
k=~ 3
v

and angle ¢q, as illustrated in Fig. D.1.

When an external field is applied, the situation becomes more intricate due to the presence of
terms that are first order in the magnetic field parameter ¢. Nevertheless, for only displacement field;
the contour plots in Fig. D.1(b) show that the transition energy shifts slightly from the zero-field
value of 1 meV to approximately 0.97 meV with V = 0.7 meV. According to the V ¢-phase diagram
in Fig. 6.2, this corresponds to a gapped and hence the insulating state, however, still maintaining
the symmetric in-terms of the iso-energy contours and also insulating state.

To examine the LT in the metallic regime, we consider the case shown in Fig. D.1(c), with
V =0.7 meV and B = 25 T. Here, the iso-energetic contours become asymmetric, reflecting the
breaking of the C'5 symmetry by the applied magnetic field. This symmetry breaking not only distorts
the contours but also makes the LT anisotropic, with the critical energy varying along different

crystallographic directions.
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Appendix E

RENORMALIZATION OF FERMI VELOCITY WITH
MOIRE PHYSICS IN TWISTED BILAYER GRAPHENE

E.1 Method to derive the renormalized fermi-velocity from
the effective 8-band Hamiltonian

In the equation for h; the dependence on 6 is negligible for small rotation angles. One can easily

replace (2.1) with

0 ei@aj
hy=vke | (E.1)
e—z@aj 0

lightening the notation. One should recall that |g;| = k¢ ¥ j and 6,, can assume the three rotation

angles listed above. The Hamiltonian (2.18), where k; = k + ¢;, can be written as the sum of
Hy, = Hy + Hj, (E.2)

The first term is fixed by the condition k£ = 0, while the second represents the k-dependence. k
in fact can be considered as a fluctuation of the wave vector close to the Dirac point. Solving the

Hamiltonian at leading order in the excitation, Hj, can be replaced with

113



To find the elements of the matrix (2.20), one should start proving the assumption that Hy has null

energy eigenvalues

hoo +Tjp; =0 hoto +Tj1p; =0
—

(E.3)
Tipo + hyip; = 0 wj = —hy T
From direct calculation one finds that
— 1t
7)1}
so multiplying on the left the second equation of (2.21) by T}
Tjpj =0 — hoto=0 (E.4)
Finally, the modulo of ¥ is just
|T|? =1+ 6a°
where a = #M
One can compute now (2.24)
(@O DDy 1 (i) 1G) @i p =1ty 31t ()Y _
__ v @t [« =1t sy, =1t | ,0)
= sz % Jk—ZTjhj o"kh ' TT | g (E.5)

J

From equation (2.25), where ey = vky, (2.26) becomes

<\Il(i)|\11(j)> " 602 + 17% o'k — W;TJU ij D

following the definition of h; and the inter-layer tunneling matrices T the last term of the sum is just

Z Tja*kT]T = 3w?c*k
J

Finally the result for (2.26) is

(WO HM | w0) (1 — 302
=0

WO wD) 1+ 6a2> okl = vl To ke (E.6)
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The Dirac velocity of this Hamiltonian is

1 — 3a?2
v—
1+ 6a2

*

(E.7)

Equation (2.27) shows that the result obtained, has the same form of the continuum model
Hamiltonian of a single layer of graphene €; = v*k.
The renormalized Fermi velocity v* (Eq. E.9) exhibits distinct behavior compared to monolayer

1—3a?
1+6a2

graphene. The reduction factor < 1 implies v* is always suppressed relative to the monolayer
case. Here « encodes the twist angle 6 via sin(#) in its denominator. Solving v* = 0 in Eq. E.9 yields
the first magic angle 6 = 1.05°, with additional magic angles emerging at smaller # in numerical

simulations.

This solution follows from
B w
~ wp-2kpsin(0/2)’

(E.8)

where larger o

corresponds to smaller . Setting a? = % and substituting ¢ = 2.8eV, w = 0.11eV,
and expressions for vr and kp (magnitude of K/K') yields 6 = 1.05°. Figure shows subsequent magic
angles with non-monotonic velocity trends. Its inset compares analytical (dashed) and numerical
(solid) results, revealing only 6 = 1.05° as a clear minimum where v*/v vanishes monotonically—a
feature absent at smaller angles.

1—3a?

ey — E.9
v v T 602 (E.9)

As it was mentioned before, 1) is one of the two zero energy states, 1/1(()1) and 1/)(()2) of the isolated
layer. Here the indices 1 and 2 are used to label the two degrees of freedom of the individual layer,
namely A/B or electron/holes bands.

The two zero energy eigenstates of Hy, follow from (2.22) and the second equation of (2.21). From
this result the elements of the Hamiltonian, up to leading order in k, are

(WO |H, [T (T Ho[TW)) (\Il(i)|Hl§1)|\I/(j))

WOy @Oy (@ e0) (E-10)

where U are the eigenvalues of the unperturbed Hamiltonian Hy. From now on the upper indices (7)

and (j) label the sub-lattice A and B.
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The first term of equation (2.23) is null of course, so one is left with

SO Y (@ gD p6)

(W@ W) B (W@ |wH))

The modulo of ¥ is
[0 = [1po]® + |15]?

in fact it can be set || = 1, while 1, is such that

s % = iy = B3R TR T

Using the fact that

1 0 ei@aj 1
hit=—— = —=h, E.12
J vk@ e—ieaj 0 62 I ( )
it follows
1
Rl = ——
P P
leaving just
1
2
;1" = W%TJT;%

The product of the T} terms, where the sum over j is superimposed, can be computed explicitly
giving

> 1T = 6wl
J
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